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Backpropagation in CNNs

* In the backward pass, we get the loss gradient with respect to the next layer

* In CNNs the loss gradient is computed w.r.t the input and also w.r.t the filter.



Convolution
Backprop with
single Stride

e To understand the
computation of loss
gradient w.r.t input, let

us use the following
example:

 Horizontal and
vertical stride =1

Xy | X2 | X3

X1 | Koo | K3

Xa1 | Xaz | Xs3
Input X

Fiyg | Fop
Fop | Fo
Filter F




Convolution
Forward Pass

e Convolution between
Input X and Filter F,
gives us an output O.
This can be represented
as:

On | Op
Oy | Op
Output O

= Convolution

B P

11 12

B B

21 22

Xy | X2 | X3

Xo1 | Xop | Xp3

X31 | Xa2 | Xag
Input X

Filter F




Convolution
Forward Pass

e Convolution between
Input X and Filter F,
gives us an output O.
This can be represented

das.

13

X23

X33

Input X

I:11 I:12

I:21 l:22

Filter F

XiF 1 | XpoFpo X13
Xo1Fo1 | Kool X3
X X X

31

32

33

Op = XygFqy + XpoFp, + X50F + X0k,




Convolution
Forward Pass

e Convolution between
Input X and Filter F,
gives us an output O.
This can be represented
as:

Filter F

Xl 1 X 12 X 13
X?l X22F 11 X23[:12
X31 X1321221 X2331-122

Oy = XygFyq + XppFyp + XpiFp + Xpoby
Opp = XppFyy + Xygbyp + Xpgbyy + Xpgby,
Oy = XyFyy + XpoFip + Xy + by
Oy = XpFy + XpaFyp + XgoFyy + XgsFyy




A Convolution Filter F

Loss gradient

Convolution
Output O ¥

e We want to calculate

the gradients wrt to
input X’ and filter ‘F’

X

P Input Matrix X




Loss gradient oL _ aL . 90

w.r.t the filter /GF a0 GF\
: Gradient t é Local
Uts C.an HSE the,Cham rule to uprzllatl?}:iltoer F Loss Gradient Gradients
obtain the gradient wrt the from previous
filter as shown in the layer
equation.
For every element of F

oL _ 0L 90,

—— T _ %

oF: ' 00, OF,




For every element of F

Loss gradient oL _ 3oL
d

. F — 9
w.r.t the filter el
We can expand the chain
rule summation as: oL _ 9L, 80, oL a0,

aF a011 aFll (%12 a—Fll

aL % * a_oll
aF a011 aFlZ a012 aF].Z

oL _ oL 30, oL
aF aoﬂ aFZl a0‘12 aFZl

aL % * a_oll
oF, 90, dF, = 00, oF,

a0,

¥ —

oF;

I

oL , 20,
%, 3F,

oL a0,
a021 af:lz

oL , 20,
90, oF,

0_1_ * (1)21
a021 oF,

oL, 20,
6022 aFll

oL, 20,
a022 aFlZ

oL, 2,
a022 aFZl

oL , 80,
a022 aFZZ



a_L a_L Xll XlZ X13 a_L a_L
oF, oF, a0, a0,
= Convolution X X X
Loss gradient - 1| % | &
g a FZl 652 X 5 X - X 3 2 a021 a022
w.r.t the filter
where
. X | X2 | X3 a_L 6_L
® Rep|aCIng the |Oca| " 5011 6012 Loss gradient
. . . 0; 2| Xz | X | =InputX = 9L from previous
gradients of the filter i.e, —, aL | aL ke
a Fi X 31 X 32 X 33 a021 a022
we get this:
aL aL oL oL aL
F T Xy o+ =Ky v =Xy ==Xy
aﬁl a()11 a012 a021 a022
aL oL oL aL aL
o = o p o+ X e —x Xy v —x Xy
aEZ aoll a012 a021 a022
aL oL oL oL oL
= = —*xXy + —*xXy + —=xX5 4 —* X3,
agl a011 a012 a021 a022
aL oL oL oL oL
a_F = a—O*X22+ %*Xz3+ 6—0*X32+ (%*X%




a_L a_L Xll X12 X13 a_L a_L
oF | oF 0, | 0,
. = Convolution Xu | X, | Xy
Loss gradient s | &
g oF | oF, < | x| x.|”] 9, | a,
31 32 33
w.r.t the filter ”
. Xu X12 X13 a_L 6_L
* If you closely look at it, NP a0, | a0, P —
this represents an operation il il il e I B from previous
. . . — — ayer
we are quite familiar with. Xy | Xz | Xa 00, | 90,
We can represent it as
a convolution operation oL _ O,y Oy oLy oL
. = em Ry, b =By b o # t ook
between input X and loss oy 00, 90, 60, a0, *
gradient dL/00 as shown oL _ oL,y oL,y oLy oL
b e I OW : aEZ - (%11 e %12 s 6_021* w 6—022* “
aL aL oL oL aL
— = —*x X, 4 —*x X, 5 —*xX, 4+ —x
a’;l a011 “ 6012 “ 6021 ¥ a022 X32
oL _ oL, aL oL aL
a_F - (% Xzz + % X23 + 6—0 st + (% X33




Loss gradient
w.r.t the input

* If you closely look at it, For every element of Xi

this represents an M
operation we are quite oL . oL * aOk
familiar with. We can -

represent it as

a convolution operation
between input X and loss
gradient dL/90 as shown
below:




oL _ aL

. 5(11_ 6_011* F11
Loss gradient B G
e aXlZ_ a_oll e a—012 ! X X, X F E X
w.r.t the input o e I R R
— = __—_xF 31 32 33
aX13 a012 " Input X X2 E X2 E X
® 121 222 23
S aL aL oL
* Similarly, we can X = a0+ gt T
expand the chain rule o R
. % = %*F + %*F ' %*F 4 a—L*F Filter F
summation for the 0X, a0, *" a0, *" a0, "5, "
. . O, = F, + E ., + E, + E
gradient with respect to oL _ oL, oL, " Rttt Rt Rt
. X 2 + o=* P
the input. After s P 0
- - JdL _ dL
substituting tahe local x = 5
. . i
gradients i.e —, we oL _ oL . oL
h aXl anz_ (%21 Fp + 6_022* Fy
ave:
aL _ aL

aX,, a0

33 22




Loss gradient
w.r.t the input

* First, let us rotate the
Filter F by 180 degrees.
This is done by flipping it
first vertically and then
horizontally.

F 2

F21

/\
F12 Fll
F22 l:“21




F2 Fa1 a. . n* 0_0“

Loss gradient

w.r.t the input n || &
. 2 aL aL
90, 90, 90,, 90,
* We see that the loss s rens L .\
: : oL
gradient wrt the input %
is given as a full
convolution between the
filter and Loss gradient x| & | ® TR
a L JL aL aL - Full e ke : wn wl)
= aX, aX, aX, | ~ Convolution
60 ()L. aL aL Fu Fu %zl %a
,;_x‘: r)_X‘_ d_X Filter F aL

Loss Gradient 6_0
aL
aX




IELGENEY

* Both the Forward pass
and the
Backpropagation of a
Convolutional layer are
Convolutions

oL

— = Convolution

oL _ Full
0X  Convolution

(Inpu’r Xy Loss gradient ==

(

180°rotated
Filter F

L
a0

Loss OL
" Gradient 90

)
)



Loss gradient ;

w.r.t the input - il B
oy p X00 Xo01 Xo02 X03 Xo4
R fio fu frz
X10 X11 X12 X13 X14
* To understand the fo | fu | £
computation of loss N T Filte (aka kernel)

. . Input channels C = 1, number of filters K= 1,
gradient w.r.t input, let Fiterhelght =3, width § =3,
us use the following o

. Xa0 X41 X42 X43 X44 Yoo | Vo1
example: p

Input activations Yo | V11

Input channels C = 1, number of images N =1, Output

Image height H = 5, width = 5 Output channels K = 1, number of outputs N =1,

Output height P = 2, width Q = 2

e > Horizontal and
vertical stride = 2




Recap: Forward
p a SS Xoofoo | Xorfor | Xozfoz | Xos -5,

Xpofo | X1 fin | X2fi2 | X X14

* This is how the . | .. Yoo | o
forward pass looks like
for the example:

Yo | Y11

X30 X31 X3z X33 X34

X410 X1 Xa2 X3 b I

Yoo = Xoofoo + Xo1for + Xoafoz + X10fr0 + X11f11 + Xa2fi2 + Xaofa0 + Xa1for + Xa2fan




Loss gradients w.r.t

input
Backward Pass: — T T
0xo0 0x01 02 0x03 0Xo4 Loss gradients w.r.t
oL aL oL oL oL output
* Assumption: we have Ox1o | Ox11 | Ox; | Oxz | Oxpa ey
the loss gradient w.r.t oL aL g AL o Ty
the output pixels. 0xz0 | Ox31 | Oxzp | Oxpz | Otz f— oL | oL
oL aL oL oL oL Y10/ | OY11
° Requirement: 0x30 0x31 032 0x33 0X34
calculate the loss oL oL oL JL oL
gradient w.r.t the input Mo | Om | O | Oz | Orms

activations




Backward pass:

* Each input contributes to one
or more outputs. The total

gradient of the loss wrt to each _ Z aL a}’i]'
L

input pixel is computed using the
formula shown axmn ayl] axmn

* The gradient computation is
done using chain rule and partial
differentiation

e iandjrepresent the position of
a single output pixel




Backward Pass
example:

X10 X11 X12 X13 X14

oL oL 0yij
0xmn <Y 0yij 0Xmn

* Consider input Xy, in Yoo | o
the input shown. It
contributed to the

Yio [ Y11

X30 X31 X32 X33 X34

O u t p ut yoo X40 X41 X42 X43 X4

Consider xqo. What output pixels y;; does it contribute to?

Yoo = Xoofoo + Xo1fo1 + Xo2fo2 + X10f10 + X11f11 + X12f12 + X20f20 + X21/20 + X22f22

9Yo00 oL aL
—0=f00.Thu5,__ fOO

dxg 0xgo - Y00

We see that x( only contributes to y,,. Also,




Backward Pass
example:

X10 X11 X12 X13 X14

oL oL 0yij
0xmn <Y 0yij 0Xmn

* Input Xy, also R . | .. Yoo P
contributed to the
output y,,so the loss

Yio [ Y11

X30 X31 X32 X33 X34

gradient w.r.t xy; is
computed as shown:

Next, consider x,;. What output pixels y;; does it contribute to?

Yoo = Xoofoo + Xo01f01 + Xo2fo2 + X10f10 + X11f11 + X12f12 + X20f20 + X21f20 + X22f22

Agai P eonEIEGEEED 3o, K56 a0t = iy B e me e
galn, xpq1 only contributes to yYgo. AlSO, ax()l —f01. us, ax01 —ayoo 01




Backward Pass
example: w | |

X10 X1 X12

oL aL 9yij
dxmn Y 9yij 0xmn

Yoo

u

* Input x,, contributed P ..
to the output y,, and
Yo1 SO the loss

X30 X31 X32 X33 X34

gradient w.r.t xy, is o |t | x| x|
computed as shown:

Next, consider xg;,. It contributes to y,, and yg;.
Yoo = Xoofoo + Xo1fo1 + X020z + X10f10 + X11f11 + X12f12 + X20f20 + X21f20 + X22f22

Yo1 = Xoz2f00 + Xo3fo1 + Xoafoz + X12f10 + X13f11 + X1af12 + X22f20 + X23f21 + X24f22

aL aL aL
= +
0x92 9Yo0 foz 9yo01 foo

Thus,




Backward Pass o
example:

Xo0 Xo1 X02 xmn <Y 3yij 0xmn

X10 X11 X12

* Input x,, contributed o | xm | xm | owm |
to the output yy, , |

Yo1, Y10, @aNd Y7, SO
the loss gradient
Finally, consider x,,. It contributes to all outputs: yyo , Y01, Y10, and y;4

' d
W. r't X22 IS com p Ute Yoo = Xoofoo *+ Xo1fo1 + Xo2foz + X10f10 + X11/11 + X12f12 + X20f20 + X21 20 + X22/22
as S h own: Yo1 = Xozfoo + Xo3for + Xoafoz + X12f10 + X13f11 + X1afrz + Xa2/20 + X23f21 + X24f22
Y10 = X20fo0 + X21fo1 + X22f02 + X30f10 + X31/11 + X32f12 + X40f20 + Xa1f20 + X222
Y11 = X22f00 + X23fo1 + X24foz + X32f10 + X33f11 + X34f12 + Xaz2f20 + Xa3f20 + Xaaf22

o _ oL L 0L 0L o O
"x22  0¥00’ %% 3y01720 " 9y10720 " 9y, 790

2 || %

X42 X43 Xaa




Backward Pass

padding: S- 1 stride_S-1 padding: S -1
example: .
2 0 0 0 0 0 0 0
P
©
H 0 0 0 0 0 0 0
* To visualize the pattern more
clearly, we pad the gradient P LG 7T 0 0 527[" 0 —az»L 0 0
H — —_— - 00 01
tensor with zeros at the top and e | - g7
bottom as well as to the left and aL | aL — 2 g 0 0 0 0 0 0 0
. bl Saiahibant! : - T
rlght. ayio | 9ya: Pad and dilate ] §
L aL
i 0 0 |— | 0o |— 1| o 0
The number of zeros padded on Qutput gradisnts 10 Iy
either side is equal to the stride - . . o . : " ;
(horizontal and vertical) S
£
, ] 0 0 0 0 0 0 0
We also dilate the output

gradient pixels with the stride —
vertically and horizontally




Backward Pass

example:
* We also rotate the fo | fu | fo
filter vertically and fo | fu | fr | — n_ .
horizontally as = \V,

Shown: f20 fZl f22

<D




Backward Pass
example:

e After these
modifications, we
can now see the
calculation of the
gradient tensor as
follows:

oL oL f

dxg0 000”0
daL dL aL aL aL
dxo0 Oxo1 0xo2 0xo3 0xo4
JaL JdL JdL JdL aL
0x49 0x14 0xy, 0xy3 0xy4
dL aL aL aL daL
Oxz0 0x3; 0x3; 0x33 0x24
aL aL aL daL aL
0x30 0x31 0x3; 0Ox33 Ox34
aL aL aL aL aL
0x49 0x41 0x42 0x43 0x44

0
0
o oL
o0 Y01
0 0
JL JdL
Y10 0y11
0 0
0 0




e Convolving with a stride greater than 1 is the
same as convolving with stride 1 and “dropping”
out of every rows, and of every columns

Ta keaway: * Padding the gradient of the output Z—)L/ after

dilation helps recover the size of the input feature
map




Loss gradient ;

w
1 foo for foz
w.r.t the Filter
Rl fio fi1 fi2
* To understand the o | fu | fu
computation of loss Hl o | 2 | %2 | 2 ] o Filter (aka kernel)

. . Input ch'annels 'C =1, ilumbc.er of ﬁl_ters K=,
gr.adlent w.r.t filter, we Fiterhelght =3, width § =3,
will use the same Q
example: S I B oo [y

Input activations Y10 | V11

Input channels C = 1, number of images N =1,

Image height H = 5, width = 5 Output

Output channels K = 1, number of outputs N =1,
Output height P = 2, width Q = 2

e > Horizontal and
vertical stride = 2




Backward

PaSS s Loss gradients w.r.t
filter Loss gradients w.r.t

Assumption: we have output
the loss gradient w.r.t oL oL oL
the output piXGlS. foo fo1 fo2 aL oL’

oL oL oL Yoo | 0Yo1
Requirement: calculate o | 9 | 92 : Lo
the Igss gradient w.r.t oL oL oL 310 | 0y11
the filter o | x| Oz




* Unlike the inputs which contribute to some outputs, each
filter contributes to all outputs

* The gradient computation is done using chain rule and partial
differentiation

* iandjrepresent the position of a single output pixel

Backward

pass:

oL a)’u
ZU

afmn aJ’l] 0 fmn




Backward Pass
example:

* Considering the filter
foo, the loss gradient
is computed as
shown:

* Notice the inputs
involved in the
computation

Xo0/f00 |3Qlfn|lufn Xo3 | Xos Xo0 | Xo1 Xoo | Xo1 | Xoz | Xo3 | Xos Xo0 | Xor | Xo2 | Xoz | Xos
; IMP“& X13 | %14 X20 | X1 X20 | X1 | X2z | X13 | X14 X20 | X21 | X22 | %13 | X14
l. X 3&’3) X23 | X24 X30 | X3 X23 | X24 x30 | X31 [xaafoo [X2sfor 02
X30 X34 X32 X33 X34 X30 X34 X32 X33 X34 X33 X34 X30 | X31 10 %zllufu
X0 | Xa1 | Xa2 | Xa3 | Xas Xe0 | Xax | Xaz2 | Xaz | Xaa X33 | Xas X4 | Xar r«far«fa r“ful
First, consider fy,. It contributes to all outputs: ¥4¢ , Y01, Y10, and y;,
Yoo = Xoofoo + Xo1fo1 + Xo2fo2 + X10f10 + X11/11 + X12f12 + X20f20 + X21f20 + X22f22
Yo1 = Xozfo0 + Xo3fo1 + Xoafoz + X12f10 + X13f11 + X1af12 + X22f20 + X23f21 + X24f22
Y10 = X20f00 + X21fo1 + X22f02 + X30f10 + X31f11 + X32f12 + Xa0f20 + Xa1fa0 + Xa2f22
Y11 = X22f00 + X23fo1 + X24fo2 + X32f10 + X33f11 + X3af12 + Xa2f20 + Xazfa0 + Xaaf22
aL L 9dyij Th dL aL — oL o aL _ aL %
— 2 o Co— —— us, = —_— —_—
0fmn Y 0yij dfmn dfoo Yoo 00 dyo1 9% dyio 20 " dyy, 22



Backward Pass

Xoo Xo1 Xo2 Xo3 Xo4 Xoo Xo1 Xo2 Xo3 Xo4

X20 | X21 | X22 | X13 | %14 X20 | X21 | X22 | X13 | Y14

example:

10/ 'ﬁlﬁt 12hiz| X13 | X4 X20

Pt <o | v | [
sofio
20

X21f21 | X22f22| X23 | X24 X39 Xz3 | X24 X30 | X3 o0 [X23fo1 [X24 o2
. . . X30 | X31 | X3z | X33z | X34 X3 | X33 | X32 | X33 | X34 X33 | X34 X30 | X31 [Xsafio|Xashia 12

* Consi ering the Tilter
Xe0 | Xa1 | X2 | Xa3 | Xaa Xe0 | Xa1 | Xaz | Xaz | Xas Xa2f22| Xa3 | Xaa Xs0 | Xa1 r«fardlfa Xaaf22

f,,, the loss gradient
is computed as

S h OW n.: Finally, consider f,,. It contributes to all outputs: yqo , Y01, Y10, and ¥,

Yoo = Xoofoo + Xo1fo1 + Xo2foz2 + X10f10 + X11f11 + X12f12 + X20f20 + X21f20 + X22/22
Yo1 = Xozfoo + Xo3fo1 + Xoafoz + X12f10 + X13f11 + X1af12 + X22f20 + X23f21 + X24[22

> N Ot Ice th ein p uts Y10 = X20f00 + X21fo1 + X22f02 + X30f10 + X31f11 + X32f12 + Xa0f20 + Xa1fao + Xa2/22
. I d . h Y11 = X22f00 + X23fo1 + X24f02 + X32f10 + X33f11 + X3af12 + Xa2fo0 + Xazfo0 + X4af22
Invoived in t € L aL dyij dL  dL aL aL aL

. Thus, Xogt =Xy +—Xy4

= X +
df22 Yoo %% dyo, 9y10 9y11

computation fmn . “ 37, 0fmn




Backward Pass

example: Eagd!

* To visualize the ahd | o
underlying pattern, a"_L :_'*7. - ot Oom |
we will modify the L ;'El > £y e e
output gradient Bt | ol Dilate P vl e .
tensor by dilating the Suteubgradiants G| ° b

pixels with the stride
vertically and
horizontally:




Backward Pass

aL aL JL aL
exa m p I e : m=mx°° * Vo1 Xoz * a}’mxzo x 9y11 *22
dL aL
mxoo 0 *xgq mxuz Xo3 Xp4
oL daL dL
® After theSe 9foo 9fo1 foz O*x0 | O%xy | O%x55 | x13 ik
modifications, we e - | | x|, [.
Can nOW See the df10 df11 df12 _— 10 2 21 Y11 2 2t 2%
. aL aL daL
calculation of the =
filter gradient tensor N T P e

as follows :




: * The CNN Backpropagation operation with
Ta keaway- stride>1 is identical to a stride=1

Convolution operation of the input gradient
tensor with a dilated version of the output
gradient tensor!
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