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Backpropagation in CNNS

e |n the backward pass, we have the derivatives of
the loss w.r.t the next layer

e Mainly need to calculate the derivatives of
o Input of conv layer
o Weights/Filter of conv layer
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Backprop in CNN with single stride

e Letus consider an example with stride 1 both in horizontal and vertical direction
e We have Input X and Filter as shown

Xp | Xz | Xy3
X21 X22 X23 F 11 F 12
Ra1 | %32 | Xsg Far | Foo
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Forward Pass

e Convolution between Input X and Filter F results in an output O as shown:

Xll X12 X13
Oll 012 F 1 F 12
= Convolution Xo1 | Ky | Xp3
021 022 F 21 F 29
Xap | Xg2 | XKg3 b
Output O Filter F
Input X
Carnegie
Mellon

University



Forward Pass

Convolution between Input X and Filter F results in an output O as shown:

X | Xz | Xq3
X X X 7
i e XiaFqq | X, X13
Xar | Xao | Xg3
Input X
® X21F21 X22F22 XZS
Fu | Fo
X, X.., X..
F ” F 2 9 1 9 Z 99
Filter F

Opp = XpgFgq + XpoFp + Xp0B + X50F,
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Computing Derivatives

e We want to calculate derivatives of output O w.r.t. Input X and Filter F

_-===® Convolution Filter F

Convolution
Output O ¥
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Derivative of Loss w.r.t Filter

e We can apply chain rule as follows

O: affine output of current layer For every element of F
M
g%": gé*ao (LzzaL*aOk
or aE k=1 00k aFi
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Derivative of Loss w.r.t Filter

We can expand the chain rule summation as follows:

For every element of F

oL _ 0L a0,

— = Sy e

oF — 4a0, oF,

XaFgq + XpgFpp + o0y + Xooby)
XigF 11+ XyaFip + Xopboy + Xpsby
KnFgg + XooFpp + XgiFpy + Xooby)
KoF 11+ Xogbip + Kooy + Xyggbyy

_ oL 40,

aoll aFll

oL a0,
e  Jp—
()On aFlz

%*6_0“

aOll aFZ] ‘

L a0,
—_—
a0, oF,

_% * a012
0012 aFll

oL a0,
i p Jip——
()Ol_’ aFlZ

oL a0,
—_— K —
aoll a,:ZI

oL 00,

30, 7,

L a0,
— K
0021 aFll

oL, a0,
0021 aFlZ

L a0,
— K —
ao’.’l aFZl

a_L * 6021
()021 aFZZ

oL, 20,
0022_’ aFH

L a0,
L J—
002.! aFl).

L a0,
%
602;’ aFZI

oL, 20,
a022 aFZZ
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Derivative of Loss w.r.t Filter

oL _ oL oL, « oL, « oL, «

- an un + 35 12 + S= 21 + 5 22
XaF g + XpoFpp + X5, + X50F, Fa Oy 90 90 90

F., + X..F., + X E,. + X .F oL _ oLy ,0L,.x ,9.x 9.«

XpoF 11 13F12 + Xpoboy 23'22 oF, a0, =" a0, ®* a0 %7 6022* 2
XynF g + XooFp + X596 + X306,

aL _ aL oL aL aL

ﬁ = %*Xn‘* (%*XZZ*' %*X31+ a—O*X32
XpFgq + XogFyp + Xgobyy + XgiFy) B : N ! N

aL oL oL oL oL

062 aoll w a012 w0 a021 w 0022* ¥
Forward Pass Equations Backward Equations Carnegie
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Derivative of Loss w.r.t Filter

If you look at this operation closely, it could be computed by convolving the input map
with output affine derivative map

oL daL aL oL oL
= = =Xy v —x Xy b —xXy v —x*Xy
aﬁl a011 a012 a021 aozz
aL aL X, | X, | X aL aL aL aL daL aL aL
pl == 11 12 13 == &= = = T X + —x X + —x* X + —*X
a’cu aﬁ a0 6012 E)F 00 12 80 ' 13 22 23
- = Convolution X X X - 12 H 12 0021 8022
ﬂ % 21 22 23 8_1_ a_nl_
oF | oF v | a0, | a0 aL _ oL oL oL oL
4 4 X31 X32 X33 = a: — a—o * X21 + a—O * X22 + % * X31 + (% * X32

Can be viewed as convolution of input E T ot tut gptim t gt N =5* Xas
and affine derivative 2 1 12 21 22
— : Carnegie
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Derivative of Loss w.r.t Input

e Simplifying for the local derivative we get

For every element of X,
oL 2 dL | a0
X, 00, oX
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Derivative of Loss w.r.t Input

XpaF g+ Xpobyp + Xo50F + XpoF,
XppFqq * Xygbip + Kooy + Xpsby,
KpFag + XpoFyp + XgiFyy + Xg5F5,
KpF g+ XogFip + Kagpbyy + XggFy,

Forward Pass Equations

Ot _

0X

21

aL = N
30

22

aL _

oX

23

oL oL

—*Fy + —=xFy

a0 a0

11 21

aL aL
* Fop 4 30

* Fpy 4

Backward Equations

oL
a0

* F

12+

aL*F

% 11

22

Carnegie
Mellon
University



Derivative of Loss w.r.t Input

e Simplifying computation:
o Flip the Filter horizontally and vertically

/\
F 11 F 12 F 22 F 21
F | F 11 >
F 21 F 22 F 12 F 11
F 22 F21
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Derivative of Loss w.r.t Input

e Simplifying computation:
o Flip the Filter horizontally and vertically
o Perform Full Convolution of flipped filter with the affine derivatives

fdL aL

P—= = * —
F22 Fa1 BXM n a0,

oL AL AL
F 12 F 11 aXu axl: aXl:E F F ﬁ ﬂ
- Fzz F21 aL aL aL _ Full “ “ 90, a0,
Filter F oX, X, X, |~ Convolution : i ! 7 e
a L a L % % % 12 11 6021 6022
aL aL F F,— e ax, ax, X, Filter F aL
6_011 6_012 12 6011 6012 o Loss Gradient %
X
aL | aL aL aL
ao0,, a0, a0, a0,
aL Carnegie
Loss Gradient — Mellon
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Takeaway - Stride 1 BackProp

e Both the forward and backward pass of a convolution layer can be viewed as
Convolution operations

s _ Convolution (Inpu’r Xy Loss gradient oL )
oF 90
oL _ Full ( 180°rotated Loss OL )
0X  Convolution Filter F Gradient 90
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Backprop in CNN stride > 1

e Letus consider an example with stride > 1 both in horizontal and vertical

direction

e We have Input X and Filter as shown

w
Xo0 Xo01 X02 X03 X04
X10 X11 X12 X13 X14
H X20 X21 X22 X23 X24
X30 X31 X32 X33 X34
X0 X431 X42 X43 X44
Input activations

Input channels C = 1, number of images N =1,
Image height H =5, width =5

S

fOO fOl fOZ

R flO fll f12

fZO f21 f22

Filter (aka kernel)
Input channels C = 1, number of filters K =1,
Filter height R = 3, width S =3,
stride_R = stride_S = 2

Q
Yoo [Yo1

Yio | Y11

Output

Output channels K = 1, number of outputs N =1,

Output height P = 2, width Q = 2
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Forward Pass for stride » 1

e Letus consider an example with stride > 1 both in horizontal and vertical
direction
e We have Input X and Filter as shown

Xoofoo | Xorfor | Xozfaz Xz Xog

xiofio | Xafin | Xeafia X3 X1
Yoo | Yor

X20fzo | X21for | Xzzfez | xm X2z
Y10 | Y11

X3n A3 X3z X33 X3q

Yo a1 Xaz Xz Xag

Yoo = Foofoo + Xorfor + Xozfoz + Xiofio + Frofin + Xiafia + Xaofre + Xarfor + Xeafe Carnegie
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Forward Pass for stride » 1

e Forward Pass Equations

Yoo = Xoofoo + Xo1fo1 + Xo02fo2 + X10f10 T X11/11 + X12f12 + X20f20 T X21/21 + X22/22
Yo1 = Xo2foo T X03fo1 + Xo0afoz + X12f10 + X13f11 + X14f12 + X22f20 + X23f21 + X24f22
Y10 = X20fo0 + X21f01 + X22f02 + X30f10 + X31f11 + X32f12 + Xa0f20 + Xa1f21 + Xa2/22

Vi1 = X22f00 + X23f01 + X24f02 + X32f10 + X33f11 + X34f12 + Xa2f20 + Xa3fo1 + Xaafo2
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Given the output derivative map we have to find the derivative of Loss w.r.t every

Filter element

Derivative of Loss w.r.t. Filter

dL dL
Yoo | 0Yo1
dL dL
0y10 | 0¥11

oL | oL | oL

af{](} af(}l 6f02

dL dL dL

ofio | 0fin | 0fiz G

oL | oL | oL

afZ(} afZl afZZ
oL 5 oL 0yij
0 fmn Y BJ’ij 0 fmn
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Derivative of Loss w.r.t. Filter

Derivative of Loss w.r.t. f00

X0 foo |Xo1fo1[Xoz2foz | Xos Xoa Xoo Xo1  [Xozfoo |Xoafo1|Xoafoz Xoo Xo1 Xoz Xo3 Xo4 Xoo Xo1 Xo2 Xo03 Xoa
x10f10 | %1111 [X¥12f12 | *13 X14 X20 X1 |¥12f10 | %1311 [%14f12 X20 X21 X2 X13 X14 Xz0 X21 X22 X13 X14
X20f20 [X21fo1 |X22f22| X23 X24 Xy | X31 |X22fa0 [¥23fa1 | X2af22 X24 X0 | X31 |¥22f00 |X23fo1[X24f02
Xzp | X31 | X32 | Xa3 X34 X30 | X31 | X3z | X33 X34 X34 X30 | 31 |¥safio|*¥ssfi1[¥3afiz
Xao | Xar | Yaz | Xaa Xia Xao | Xa1 | Xaz | Xa3 Xaa X4q Xao | Xar [Xaafao [Xasfar [Xaafor
First, consider fj,. It contributes to all outputs: voq , Vo1, ¥1¢. and y;1
Yoo = Xoofoo + Xo01fo1 + X02foz + X10f10 + X11f11 + X12f12 + X20f20 + X21f20 + X22f22
Yo1 = Xoz2f00 + Xozfo1 + Xoafoz + X12f10 + X13f11 + Xaaf12 + X22f20 + X23f21 + X2af22
Y10 = %20 00 + X21fo1 + X220z + X30f10 + X301 + X32/12 + Xa0fa0 + Xarfo0 + Xazfa2
Y11 = X300 + X23fo1 + X2afoz + 32010 + X33f11 + X34f12 + Xazfoo + Xazfoo + Xaafaz
aL aL 9yij aL - Yo+ aL X oL X
— § oy —— us, — = — — — —
i .. ’ 00 02 20 22
Ofmn 4 0Yij 0fmn 9foo Yoo Y01 3y10 dy11
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Derivative of Loss w.r.t. Filter

Derivative of Loss w.r.t. f01

Xoofoo | Xo1fo1 [Xozfoz | Xo3 Xo4 Xoo Xo1 [Xozfoo |Xo3/fo1 Xoafoz X0 Xp1 Xoz Xo3 Xpa Xoo Xo1 Xoz Xo3 Xo4
*10f10 |11 f11 [Frzfiz | X3 X1a X20 x21 [*12fr0 [X13fa1 [¥aafiz X20 X21 X322 X13 X1a X20 X21 X2z X13 X14
2020 [¥21f21 |X22f22| X2z | X24 X30 Y31 [Xaafa0 [X23f21 |X24f22 X31f01 Xz4 X30 | X31 |¥zzfoo|X23fo1[Xz2af02
X30 | X31 X32 X33 | X34 X30 X31 X32 X33 X34 X34 X390 X31 [Xzafi0|X33f11|¥aaf1a
X40 Xa1 X4z X3 Xag Xao Xa1 X42 X43 Xaa X4a Xa0 X411 [Xazfz0 [Xaaf21 |Xaafaz
Next, consider fy;. It contributes to all outputs: yyq , ¥o1, Y10, and y11
Yoo = Xoofoo + X01fo1 + Xozfoz + X10f10 + X11/11 + X12f12 + X20f20 + X21f20 + X22/22
Yo1 = Xozfoo + Xo3fo1 + Xoafoz + X12fi0 + X13f11 + X1afiz + X22f20 + X23f21 + X24f22
Yio = Xz0fo0 + X21fo1 + Xa2foz + X30f10 + X31f11 + Xa2f12 + Xaofa0 + Xarfoo + Xazfoz
Y11 = X23fo0 + X23f01 + Xaafoz + X32f10 + X33f11 + X3af12 + Xazfoo + Xazfoo + Xaafz
aL L Oyij - dL aLx +6Lx +6Lx +6Lx
—_—= : i —————_Thus =
i .. ’ 01 03 21 23
9 fmn ] 0Yij 0 finn 9fo1 Yoo Y01 910 Y11
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Derivative of Loss w.r.t. Filter

Derivative of Loss w.r.t. f11

Xoofoo |Xo1fo1|Xo2foz | X0z | Yo Xoo Xo1 |onfon Xoafo1|Xoafoz Xoo | Xo1 | Xoz Xo3 | Xoa Xoo | Xo1 | Xoz | Xoz | Xoa

X10f10 [X11/11 X12fiz | *13 X14 X20 ¥21 [aafio| x13fi1 [Xaafiz Xz20 X21 X322 X13 X14 X20 X21 X22 X13 X14

Xa0f20 [X21f21 |X22faz| X23 | X2a X3 | Xa1 oo [Xaafor |Xaefon X23 | X2a X30 | X31 [X22fo0|¥23f01(X24f02
X3p [ X31 | X3z | X3z | X34 X309 X31 X3z | X33 X34 X33 | X3a X30 | *31 [aafio|*ssfi1|¥aafia
Xao | Xar | Xaz | Xaz | Xaa Xao | Xar | Xaz | Xaz | Xaa X3 | Xaa Xao | Xar |[Xazfoo [Xaafor [Xaafaz

Next, consider f;4. It contributes to all outputs: yoq , Vo1, Y10, and ¥11

Yoo = Xoofoo T+ Xo1fo1 + Xozfoz + X10f10 T X11/11 + X12f12 + X20f20 + X21 20 + X22f22
Yo1 = Xozfoo T+ Xo03fo1 + Xoafoz + X12f10 + X13f11 + X1afi2 + X22f20 + X23f21 + X24f22
Y10 = X20fo0 + X21fo1 + X220z + X30f10 + X31f11 + X32f12 + Xaof20 + Xa1f20 T Xa2f22
Vi1 = Xafo0 + X23for + X2afoz + X32fi0 + Xaafi1 + Xzafiz + Xaafoo + Xazfoo + Xaafaz

aL L Odyij - oL oL N aL Xout aL - oL X
— = ),;; ———=.Thus, =
O fmn Y 0yij 0 fmn afir 0¥oo 11 dyer 13 dyyp Sl dyyp O3
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Derivative of Loss w.r.t. Filter

Derivative of Loss w.r.t. f22

Xo00fo0 |¥o1fo1 [Xo2foz | Xos Xo4 Xoo Xo1 |A"ozfm:b Xoafo1 o4 oz Xo0 Xo1 Xo2 Xo3 Xoa Xoo Xo1 Xoz Xo3 Xoa
x10f10 | X11f11 [¥12fiz | %13 X14 X20 X1 [%12f10 |¥1afia [Frafiz X20 X21 X22 X13 X14 X20 X21 X22 X13 X14
X20f20 [X21f21 | X22f22| X2z | X24 X30 X531 Paafao [Xasfor | X2ef22 X3 | Xza X0 | *a1 |*2z2fo0|X23fo1[Xz24f02
X3p X31 X32 X33 X34 X30 X3 X3z X33 X34 X33 X34 X30 | X1 |¥aafio |¥asfi1[¥safiz
Xa0 Xa1 Xaz Xa3 Xaa Xa0 Xa1 Xaz X43 X44 Xazfaz| Xaz Xaa Xa0 X41  |Xazf20 [Xaafa1 [Xaaf2z
Y11
Finally, consider f,,. [t contributes to all outputs: ¥, ¥o1, Y10, and y41
Yoo = Xoofoo + Xo1fo1 + Xoz2foz + X10f10 + X11f11 + X12f12 T X20f20 + X21f20 + X22/22
Yo1 = Xozfoo t Xo3fo1 + Xoafoz + X12f10 + X13f11 + X1afiz T X22f20 + X23f21 + X24f22
Y10 = Xz0f00 + X21f01 + X22f02 + X30f10 T X31f11 T X32f12 + Xaofa0 + Xa1foo + Xa2f2z
Y11 = Xa22fo0 + X23fo1 + X24f02 + X32f10 + X33f11 + X341z + Xazfoo + Xazfao + Xaafon
aL aLayijTh dL 6Lx+aLx+aLx+6Lx
— . . us =
i .. 4 22 24 42 44
0 fmn 1 0yij 0 fmn 0f22  9Yoo Y01 9¥y10 9y11
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Derivative of Loss w.r.t. Filter

e To view the operation as a convolution operation we need to modify the output
derivative map as follows:

o

Dilate/Upsample with stride-1 zeros

dL dL
od PN
JdL dL -
ilate
dy10 | 0y11
Output gradients

dilation:
stride R-1

dilation:
stride_S- 1
dL 5 JL
Y00 0yo1
0 0 0
dL 5 dL
Y10

0y11
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Derivative of Loss w.r.t. Filter

Convolution(Input, Upsampled output derivative map)

aL daL

daL

daL

= ——Xgo +—— Xz + ——X
dfoo 9¥oo  °0 " Ayer 9% T ayye 20
dL dL dL
dfoo dfo1 dfoz
dL dL dL
df10 df11 0f12
JL dL dL
dfa0 9f1 dfaz

+ oL X
ay11 £2

aL daL
—xgo | 0*xp, Xo2 Xo3 Xo4
Yoo Vo1
O*xyp | 0%y | Oxxpp X13 X14
aL dL
Xz0 | 0% x5, Xo2 | X3 X24
910 311
X30 X31 X32 X33 X34
Xa0 Xa1 Xa2 X3 Xaa
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Derivative of Loss w.r.t. Input

e We have to find Derivative of Loss w.r.t to every input which is given as follows:

oL ayzj
0yij 0xmn

_ZL}

axmn
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Derivative of Loss w.r.t. Input

e We have to find Derivative of Loss w.r.t x22

oL oL 0yij
a’Cmn_ Y 0Yij 0xmn

Finally, consider x,,. It contributes to all outputs: ¥4¢ , ¥o1, Y10, and ¥11

Yoo = Xoofoo + Xo01fo1 + X202 + X10f10 + X11f11 + X12f12 + X20f20 + X21f20 + X22/22
Yo1 = Xoz2fo0 + X03fo1 + Xoafoz + X12f10 + X13f11 + X1afi2 + X202 20 + X23fo1 + X24f22

Y10 = X20fo0 *+ X21fo1 + X22f02 + X30f10 + X31f11 + X32f12 + Xa0f20 + Xa1f20 + Xa2f22 Carnegie
Y11 = X22f00 + X23f01 + X2afo2 + X32f10 + X33f11 + X34f12 + Xa2f20 + Xa3f20 + Xaaf22 Mell 2
Th oL aLf+aLf+aLf+aLf Ue.On.
us, =
a.‘X,'zz ayoo 22 aym 20 6y1° 20 6y11 00 nlvel'Slty



Convolution in Backprop

e In order to view the previous operation as convolution, we will have to do
following modifications -

o Dilate/Upsample output derivative map with stride - 1

o Pad the output derivative map with kernel_width - 1 & kernel_height - 1

dL daL
ot L]
dL aL
] Pad and dilate
0y10 | 0y11
Output gradients

dilation:

stride_R -1

padding:R-1

dilation:
padding: S- 1 stride_S - 1
0 0 0 0 0
0 0 0 0 0
dL dL

0 0 r— 0

Yoo
0 0 0 0 0
5 0 dL 0 dL

9y10 0y11
0 0 0 0 0
0 0 0 0 0

padding:R -1

padding: S-1

0 0

0 0

0 0

0 0

0 0

o | o | Carnegie
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Convolution in Backprop

e In order to view the previous operation as convolution, we will have to do
following modifications -
o Dilate/Upsample output derivative map with stride - 1
o Pad output derivative map with kernel_width - 1 and kernel_height - 1
o Flip the filter horizontally and vertically

fOU

f(]l

fOZ

f10

f11

f12

f20

f21

f22

Filter
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Convolution (Flipped Filter, Padded and Upsampled Output Derivative

aL

Derivative of Loss w.r.t Input

aL

dx00 Voo foo

daL dL daL dL daL
6100 axm_ axoz axgg 6x04

aL aL aL aL aL
dx1q 044 0x43 0x45 Bxqy

aL aL aL oL aL
dx3p x5, dx,, dx,3 0x54

dL dL dL dL dL
6x30 aX31 69(32 aJC33 61'34

daL daL daL daL aL
0x40 0x41 0x42 dx43 9x4y

Map)

0
0
o o
oo ° Vo1
| 0 0 0
[
5 dL aL
dy10 dy1q
0 0 0
0 0 0
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Takeaway - Stride » 1 BackProp

Both the forward and backward pass of a convolution layer can be viewed as
Convolution operations
Derivative of Loss w.r.t filter

Convolution(lnput, Upsampled output derivative map)
Derivative of Loss w.r.t. Input

Convolution (Flipped Filter, Padded and Upsampled Output Derivative
Map)
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Takeaway - Stride » 1 BackProp

e Stride > 1 Backpropagation can also be viewed as

Upsample Output Derivative Map

dilation:

dilation:
stride_S-1
oL _ Convolution [ Input X, Loss gradient oL
aL oL oF 00
o— 0 com—
= Y00 | Yo
B \
o 0 0 0 oL Full ( 180 rotated  Loss 0L )
R ?
E ' — 0X Convolution Filter F Gradient 90
T A
9y10 0y11 Carnegie
dL dL Mellon
= == University

Here, 8yi = 30



BackProp: Derivative of
Loss w.r.t Input

Convolve with Padded
and upsampled
Output Derivative Map

2 1} 1
1 1 2
1] 1 1]

D
horizontal flip

Filter and it’s flipped version
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