How to compute a
derivative



Computing derivatives of
complicated functions

* How do you compute the derivatives in an LSTM or GRU cell?

 How do you compute derivatives of complicated functions in general
* In these slides we will give you some hints

* In the slides we will assume vector functions and vector activations

e But we will also give you scalar versions of the equations to provide
intuition

* The two sets will be almost identical, except that when we deal with
vector functions
* The notation becomes uglier and less intuitive

* We must ensure that the dimensions come out right

* Please compare vector versions of equations to their scalar counterparts
for better intuition, if needed



First: Some notation and conventions

* We will refer to the derivative of scalar L with respect to x as
V. L

* Regardless of whether the derivative is a scalar, vector, matrix or tensor

e The derivative of ascalar L w.r.tan N X 1 column vector x is a
1 X N row vector V,.L

 The derivative of ascalar L w.rtan N X M matrixXisan M X N
matrix Vy L
e Remember our gradient update rule : W = W — nV,, LT

* The derivative ofan N X 1 vectorY w.rtan M X 1 vector X is
an N X M matrix [x(Y)

 The Jacobian



Rules: 1 (scalar)

z = Wx

 All terms are scalars

oL .

e — is known
0z

0L B 6LW

Ox 0z

oL 0L
= X —

ow 0z



Rules: 1 (vector)
z=Wx

e zisan N X 1 vector

e xisan M X 1 vector

e Wisan N X M matrix

e L is a function of z

* VL is known (andisa 1 X N vector)

v.L = (V,L)W

Please verify that the
dimensions matchl!



Rules: 2 (vector, schur multiply)

Z=XoYy

* x,yand zareall N X 1 vectors
e “o” represents component-wise multiplication
* VL is known (andisa 1 X N vector)

Vel = (V,L) o y*
VyL = (V,L) o x"

Please verify that the
dimensions matchl!



Rules: 3 (scalar)

Z=X1Yy

 All terms are scalars

oL .

e — is known
0z

6L_6L
Ox 0z
OL_aL

dy 0z



Rules: 3 (vector)

Z=X+1Yy

* x,yand zareall N X 1 vectors
* VL is known (andisa 1 X N vector)

Vz

V. L L
\73’ L L Please verify that the
dimensions match!



Rules: 4 (scalar)

z=g(x)
e x and z are scalars

oL .

e — is known
0z

oL oL
o979 @



Rules: 4 (vector)

z = g(x)
e x and z are N X 1 vectors

* VL is known (andisa 1 X N vector)

* |.g is the Jacobian of g(x) with respect to x
* May be a diagonal matrix

V,L =V,L ], g

Please verify that the
dimensions matchl!



Rules: 4b (vector)
component-wise multiply notation

z=g(x)
* xand z are N X 1 vectors
* I,L is known (andisa 1 X N vector)
* g(x) is actually a vector of component-wise functions
*ie.z; = g(x;)
* g'(x) is a column vector consisting of the derivatives of the

individual components of g(x) w.r.t individual components
of x

_ / T Please verify that the
VxL — VZL °g (X) dimensions matchl!



Rule 5: Addition of derivatives

 Given two variables

z = g(x)
y = h(x)
: oL oL
* And given P and Py
* we get
oL B oL | N oL b

e The rule also extends to vector derivatives



Computing derivatives of
complex functions

* We now are prepared to compute very complex
derivatives

* Procedure:

* Express the computation as a series of computations of
intermediate values
* Each computation must comprise either a unary or binary
relation
* Unary relation: RHS has one argument, e.g. y = g(x)
* Binary relation: RHS has two arguments
eg.Z=x+yorz=xy
* Work your way backward through the derivatives of the
simple relations



Example: LSTM

* Full set of LSTM equations (in the order in which

they must be computed) ®)
A

1 fi =0 (Ws-[Co1,hi—1, 2] + by) e ~
2 iy =0 (W;-[Cemryhu—1,24] + b;) ® Y
3 C, = tanh(We-[hi—1,2¢] + bo) %ng X
4 Cy=fi%xCi_q+1i,xC, T >
5 or =0 (Wo-[Cy, he—1, 2] + bo)
6  hy = o4 * tanh (C}) @

* Its actually much cleaner to separate the individual
components, so lets do that first



LSTM

ft = o(WscCiq + Wrphieq + Weyexe + by)
ir = o(WicC—q + Winheq + Wixx, + by)
Ce = o(Wephe—q + Weyxe + be)
Ce=froCroq +igoCy

0 = 0(WycCyoq + Wophe—1 + Woyxe + by)
h; = 0; o tanh(C;)

SN LN W N N

* This is the full set of equations in the order in which they must be
computed

* Lets rewrite these in terms of unary and binary operations



S S B NN

LSTM

fo = O(WpcCry + Wynhe—y + Wpaxe +by)| - 17 T7¢ i
i = 0(WicCeq + Winhe—y + Wixxe +b;) 223:;1}14_;21
Ct — J(WChht—l + chxt + bc) Z4:foxt
Ce = froCoq+ipoCy Z5 =23t 2y
Z¢=Z5+bs
0 = 0(WocCeq + Wophe—1 + Wyt + by) fi=0(zg)

ht = O¢ © tanh(Ct)

* Lets rewrite these in terms of unary and binary
operations



LSTM

Z1=Wpcle—1
Z;=Wephe—q
23 :Z1 +Zz
Za=WryXt
Ze=Z3+Z,

YA VA +bf
ft=0(26)

NS LR WN N



LSTM

]- ff- — G(WF('Cf—=1 + M/Jf‘h hf-=1 + Vl/f.y.xf + b)f‘) Z7:WiCCt_1

: zg=Winh¢—1
2. iy = o(WicCooq + Wipheq + Wixxe + by) Zo=2Z7+2g
3. Cp=0Wephe—1 + Weyxy + be) Z10=WixXe

_ - ~ Z11=Z9tZ1g
4 Co=frolCqa+ipoly Z12=2Z11+Db;

5 Ot — U(Wocct_l + WOhhf—l + VVoxxt + bO) it:G(212)
6. ht = O¢ © tanh(Ct)

* Lets rewrite these in terms of unary and binary
operations



LSTM

N o Un bk wbhEe

Z1=Wpcli-1
z;=Wernhe—q
Z3 =Zl +Zz
Z4=foxt
Zc=Z3+Z,
Z6:ZS +bf
ft=0(2¢)

10.
11.
12.
13.
14.

Z7=WicCr_q
zg=Wiphi—1
Z9g=Z+Zg
Z10=WixX¢
Z11=Z9tZ1g
Z12=211+FDb;

11=0(212)



S S I NN

LSTM

fe = o(WrcCror + Wrpheoq + Wiy + by) ZEBZEVVf,hh;_l
14—VvVC t

i, = oW Cpqy + Wiphy_y + Wi x: + b;) 215=213-I)—Czl4

Cr = o(Wephe—q + Weyxe + be) Z16=715Fbc
Ce=0(Z16)

Ce =froCioq +ipoCy
0r = 0(WycCroq + Wopheoq + Woyxe + by)
ht = Ot o tanh(Ct)

* Lets rewrite these in terms of unary and binary
operations



LSTM

15.
16.
17.
18.
19.

Z13=Wenhe—1
Z14=Wex Xy
Z15=Z13FZ14
Z16=Z15 D¢

C~t=G(Z16)



LSTM

fo = 0o(WecCrq + Wephiq + Weyxe + by)
iy = o(WicCproq + Wiphe—y + Wipx, + by)
C~t = O-(Wghht—l ‘l" ngxt + bg) 217:ft © Ct—l

. A 21=l¢ © C¢
Co = froCioqg +ipoCy

SN R W NN

Ct=217+2;3g
0t = O(WycCiq + Wophi—q + WoxXt + by)
hy = o¢ o tanh(Cy)

* Lets rewrite these in terms of unary and binary
operations



LSTM

15.
16.
17.
18.
19.
20.
21.
22.

Z13=Wenhe—1
Z14=Wex Xy
Z15=Z13FZ14
Z16=Z15 D¢
Ct=0(Z16)
Z17=ft ° Ct—1
Z18=lt°Ct

Ct=2z17+2Z1g



LSTM

]. ft — U(chct—l + thht—l + foxt + bf) 219:W0CCt—1

. Zyo=Wonh¢_
2. lE — J(WLCCt—l + Wlhht—l + Wixxt + bl) ZZZ(;_:Zlgh‘l'th:
3. Ct — O'(Wchht_l + chxt + bC) ZZZZVV()xxt

4 C.=f oC, + +1i.0C. Z33=Z31%Zy;
D Zy4=2Z33+b,

6. ht = O¢ © tanh(Ct)

* Lets rewrite these in terms of unary and binary
operations



LSTM

15.
16.
17.
18.
19.
20.
21.
22.

Z13=Wenhe—1
Z14=Wex Xy
Z15=Z13FZ14
Z16=Z15 D¢
C~t=G(Z16)
Z17=ft ° Ct—1
Z18=lt°Ct

Ct=2z17+2Z1g

23.
24.
25.
26.
27.
28.
29.

Z19=WycCr_q
Zy0=Wonhi-1
Z21=Z19FZ3
Zpp=WpxX¢
Z33=Z31%Z;
Zy4=Z23+Db,

0;=0(Z24)



N A WN N

LSTM

fe = 0WecCrq + Wephe_q + Weyxe + by)
ir = o(WicCoq + Wipheq + Winx; + b;)
Ce = o (Wephe_y + Weyxe + be)
Ct:ft°Ct-1+it°Ct

0 = oWy Coq + Wophe_q + Woyxe + by)
hy = o4 o tanh(Cy)

z,c=tanh(C;)
he = 0y © 235

* Lets rewrite these in terms of unary and binary
operations



LSTM

15.
16.
17.
18.
19.
20.
21.
22.

Z13=Wenhe—1
Z14=Wex Xy
Z15=Z13FZ14
Z16=Z15 D¢
Ct=0(Z16)
Z17=ft ° Ct—1
Z18=lt°Ct

Ct=2z17+2Z1g

23.
24.
25.
26.
27.
28.
29.
30.
31.

Z19=WycCi_1
Z0=Wonhe—1
Zy1=Z19FZ3g
Zp2=WoxXt
Zp3=Zp1tZ;
Zp4=2Z23+Db,
0:=0(Z24)
Z,==tanh(C;)
hy = 0¢ © Z35



LSTM forward
®

A

Lebel
x)

* The full forward computation of the LSTM can be
performed by computing Equations 1-31 in sequence

ad®,

L

* Every one of these equations is unary or binary



LSTM

N o Un bk wbhEe

Z1=Wpcli-1
z;=Wernhe—q
Z3 =Zl +Zz
Z4=foxt
Zc=Z3+Z,
Z6:ZS +bf
ft=0(2¢)

10.
11.
12.
13.
14.

Z7=WicCr_q
zg=Wiphi—1
Z9g=Z+Zg
Z10=WixX¢
Z11=Z9tZ1g
Z12=211+FDb;

11=0(212)



LSTM

15.
16.
17.
18.
19.
20.
21.
22.

Z13=Wenhe—1
Z14=Wex Xy
Z15=Z13FZ14
Z16=Z15 D¢
Ct=0(Z16)
Z17=ft ° Ct—1
Z18=lt°Ct

Ct=2z17+2Z1g

23.
24.
25.
26.
27.
28.
29.
30.
31.

Z19=WycCi_1
Z0=Wonhe—1
Zy1=Z19FZ3g
Zp2=WoxXt
Zp3=Zp1tZ;
Zp4=2Z23+Db,
0:=0(Z24)
Z,==tanh(C;)
hy = 0¢ © Z35



Computing derivatives

@ Derivative shapes:
C, w
4 ) - dL/dW

TD dL/dCt

We will now work our way backward

. dL dL ,
We assume derivatives T and c of the loss w.r.t h; and C; are given
t t

dL dL

dL
We must compute : and
dCt—l dht—l dxt

* And also derivatives w.r.t the parameters within the cell

Recall: the shape of the derivative for any variable will be transposed with respect to that variable



LSTM

1.
2.

V,,L = Vy,L oz

V, L =

Z35

Uy, L

Oot

23.
24.
25.
26.
27.
28.
29.
30.

Z19=WycCi—1
Zy0=Wonhi—1
Z31=Z19%Z3g
Zpp=WoxXt
Z33=Zy11Z3;
Zp4=Z33+Db,
0:=0(Z24)
Z,==tanh(C;)

T = 0ot >




1.
2.
3.

LSTM

VL = Vy,Lo Z1c

VL =VyLoof

Z25
VC L — VZ SL o
(1 — tanh2(C,))”

23.
24.
25.
26.
27.
28.
29.

Z19=WycCi—1
Zy0=Wonhi—1
Z31=Z19%Z3g
Zpp=WoxXt
Z33=Zy11Z3;
Zp4=Z33+Db,

Ot:O-(Z74;L

@25=tanh(Ct)>

31.

he = 04 © Zys



LSTM

VL = Vy,L oz 23. Z19=WycCi—1

V,, L ="VpLo ol 24. Zyo=Wyonhe—q

Vel =0, Lo 25. Zy1=2Z19+Zyg
(1—tanh?(cy))" 26 7227 WoxXe

V L _ V L O'(Z24)T 27. 2232221"‘222

(1 — 0(224))T 224_43_'_[)

@t—ﬁ(zm) >

30. zo==tanh(C;)
31. h’t — Ot VAT




LSTM

VL = Vy,L oz

VL =VyLoof
VC L= VZZ Lo

(1 — tanh2 (c)HT
VoL = Vo L oo(zy4)" o
(1 — 0(224))T

Vo, . L =V, L
Vbol‘ — VZ24L

23. z19=WycCi—1
24. Z0=Wonht—4
25. Zy1=2Z19+Zyg
26. Zpp=WoxXt
1. Z33=Zp1+Z3;
(224—223"‘[) D
29. 0;=0(Z34)
30. zy==tanh(C;)
31. hy = 04 © Zyc

Equations highlighted in yellow show
derivatives w.r.t. parameters




23. z19=WycCi—1

24. Zyo=Wyonhe—q

25. Zy1=2Z19+Zyg

26. Z>>=W.,.x;
@;221"‘222 D
28. Z,4,=2Z53+b,

29. 0;=0(294)

30. zy==tanh(C;)

31. hy = 04 © Zyc




LSTM

7. Vy, L="V,,.L

8. V, L=V, L
Vi, L = %V, L

10. Vy, L =V, LWy,

23. z19=WycCi—1

24. Zyo=Wyonhe—q

25. Zp1=2Z191Z30

(Zzz oxxt >
1. Zp3=Z31TZp

28. Z,4,=2Zy3+b,

29. 0;=0(294)

30. zy==tanh(C;)

31. hy = 04 © Zyc




. Z,e=tanh(C;)
. he = 0¢ ° 255



10.
11.
12.
13.
14.

23. Z q:an‘Cf

G o Wonhy o D

25.
26.
27.
28.
29.
30.
31.

Z31=Z19%Z3g
Zop=WpxXt
Z33=Zy11Z3;
Zp4=Z33+Db,
0:=0(Z24)
Z,==tanh(C;)
hy = 0 © zy5



10.
11.
12.
13.
14.
15.
16.

2(219 WocCr1 D

25.
26.
27.
28.
29.
30.
31.

. Zo0=Wonhe—q
Z31=Z19%Z3g
Zop=WpxXt
Z33=Zy11Z3;
Zp4=Z33+Db,
0:=0(Z24)
Z,==tanh(C;)
hy = 0 © zy5



LSTM

15. ZlBZWChht—l /. VZ18L — VCtL
16 Z14:WCxxt 8 Vzl7L — VCtL

17. Z1c=2Z13+Z14
18. z1=2Z15+b,
19. C;=0(21¢)

20. z17=fr o Ct—q

21. Z18:it o Ct

@. Ct2217 +Z1D




LSTM

15.
16.
17.
18.
19.
20.

Z13=Wenhi—1
Z14=Wex Xt
Z15=Z13FZ14
Z16=Z15+D¢
C~t:0-(216)

Z17=fr ° Cr_q

L.

Z1g=1¢ © Ct>

22

. Ct2217 +218

10.

VL =Vc,L
VL ="Vl

Vi,L =V, LoCf
Vel =V, Loif



LSTM

15.
16.
17.
18.
19.

Z13=Wenhi—1
Z14=Wex Xt
Z15=Z13FZ14
Z16=Z15+D¢

ét:G(Zm)

<)

21.

22

Z17=f¢ © €tD

Z1g=lt © (y

. Ct=2z17+244

10.
11.
12.

v, .L="VcL

V, L="VcL

Vi,L ="V, LoC{
Vel =V, Loif
Ve, L+=V, Lof
Ve L =V, Lo Cg—l

Second fime we're computing a derivative
for C, ;, so we increment the derivative ("+=")



LSTM

15.
16.
17.
18.

Z13=Wephe—q
Z14=We Xt
Z15=Z131Z14

Z16=Z15+Dc

CTo.

ét:ff(zm) )

20.
21.
22.

Z17=fr ° Ce—4q
Z1g=lt o C¢

Ct=zy7+2g

10.
11.
12.
13.

v, L=Vl

v, L=Vl

Vi,L =V, LoCf

Ve L =V, Loif

Ve, L+=V, Lof
Vel =V, LoC/_,

Ve L = Ve Loo(ze)" o

(1- 0(216))T



LSTM

15.
16.
17.

Z13=Wephe—q
Z14=We Xt

Z15=Z131FZ14

<

Z16=Z15 +bD

19.
20.
21.
22.

Cr=0(216)
Z17=fr ° Cr—q
Z1g=l; © ét

Ct=zy7+2g

14. VbCL — V L

Z16
15. , L="0, L




LSTM

15.
16.

Z13=Wephe—q

Z14=We Xt

<

Z15=Z13FZ14 D

18.
19.
20.
21.
22.

Z16=2Z15 D¢
Ct=0(216)
Z17=fr ° Cr—1
Z1g=1¢ © ét

Ct=zy7+2g

14. VbCL — V L

Z16
15. 7, L=V, L
16 VbcL — VZl6L
17. v, L=1, L




LSTM

15. zy3=Wephi_4 14. Vp L =V, L
@_ Z14:WCxxt> 15. Vle = Vzl6L

17. Z15=Z13+Z14 16. VbcL — VZl6L

18. Z~16:Z15+bC 17. \7215 — VZ16L

19. C;=0(Z46) 18. V. L =%V, L

20. zy;=f; © €t—1 19. thL += Vz14LWCx

21. z1g=is © C,

22. Cy=2z17+24g ‘

Note the "+="



LSTM

5.

ZlBZWChht)

16.
17.
18.
19.
20.
21.
22.

Z14=WexX¢
Z15=Z13FZ14
Z16=2Z15 D¢
Ct=0(216)
Z17=fr ° Cr—1
Z1g=1¢ © ét

Ct=zy7+2g

14. VbCL — VZl6L

15. 7, L="0, L

16. VbcL —_ VZl6L

17. V,, L=V, L

18. VWCxL — xtV214L

19. U, L +=V, LW,
20. VWChL — ht_1\7214L
21. Vht—lL += V213LWCh

Note the "+="



Continuing the computation

* Continue the backward progression until the
derivatives from forward Equation 1 have been
computed

* At this point all derivatives will be computed.



Overall procedure

* Express the overall computation as a sequence of unary
or binary operations

e Can be automated

 Computes derivatives incrementally, going backward
over the sequence of equations!

* Since each atomic computation is simple and belongs
to one of a small set of possibilities, the conversion to
derivatives is trivial once the computation is serialized
as above



May be easier to think of it in
terms of a “derivative” routine

* Define a routine that returns derivatives for unary and binary operations

e SCALAR version (all variables are scalars)
function deriv(dz, x, y, operator)
case operator:

‘none’ : return dx
‘¥ ¢ return y*dz, dz*x
‘+7 ¢ return dz, dz

‘-7 return dz, -dz

# Single argument operations
‘tanh’ : return dz(l-tanh?(x))

‘sigmoid’ : return dz sigmoid(x) (1l-sigmoid(x))



Derlvatlve routine, vector version

Note distinction between component-wise and matrix multiplies
* Observe also that matrix and vector dimensions are correctly handled (locally)

" II

. is component-wise multiply

o (XN

is matrix multiply

function deriv(dz, x, y, operator)

case operator:
‘none’ : return dx
# component-wise “schur” multiply
‘o/ : return dzoy?, dzoxT

# Matrix multiply. X must be a matrix

‘x/ : return y*dz, dz*x
‘+/ : return dz, dz
‘-’ : return dz, -dz

# The following will expect a single argument

‘tanh’ : return dzo (1-tanh?(x))T

‘sigmoid’ : return dzosigmoid(x)To(l-sigmoid(x))T

# The jacobian is the full derivative matrix of the sigmoid

‘softmax’ : return dz*Jacobian (sigmoid, x)



When to use “=“ vs “+=“

* In the forward computation a variable may be used multiple times to
compute other intermediate variables

* During backward computations, the first time the derivative is

“_u

computed for the variable, the we will use “=
* In subsequent computations we use “+="“

* It may be difficult to keep track of when we first compute the derivative
for a variable

“_u

e When to use “=“ vs when to use “+="

* Cheap trick:
* Initialize all derivatives to 0 during computation
* Always use “+="

* You will get the correct answer (why?)



[dC,_,,dx,,dh,_,,d[W,b]] = LSTM derivative (dC, dh,)

initialize d(variable)=0 (all wvariables)
# Derivative of eq. 31 hy = 040 Zyc
[do., dz,] += deriv(dh,,0.,Z,5,'°")

# Derivative of eq. 30 z,s=tanh(C;)
[dC.] += deriv(dz,,,C,,’ tanh’)

# Derivative of eq. 29 0;=0(2y4)
[dz,;] += deriv(do.,,z,;,’ sigmoid’)

# Derivative of eq. 28 Zzy4,=2Z,3+b,
[dz,;, db_ ] += deriv(dz,,,z,;,b,,'+’)
# Derivative of eq. 27 Zy3=Zy1+Zyy
[dz,,, dz,,] += deriv(dz,;,z,;,Z,,, ' +’)
# Derivative of eq. 26 Zy,=W,, x;

[dW dx,] += deriv(dz,, W, x.,’'*")
# Derivative of eq. 25 Zy1=Z19+Zyg

ox/ ox/

[dz,,, dz,,] += deriv(dz,;,z,9,Z,5, +’)
# Derivative of eq. 24 zy,g=W,,hi_q
[dW_,, dh. ;] += deriv(dz,,, W, h.,,’'*")
# Derivative of eq. 23 z1o=W,Ci_1
[dW_., dC._ ;] += deriv(dz,,,W_.,Ci ., *")

23.
24.
25.
26.
27.
28.
29.
30.
31.

Z19=WocCi—q
Z0=Wonhe—1
Z31=Z19%Z3
Zyp=Wox Xt
Zp3=Z31tZ3;
Zy4=Z33+b,
0:=0(224)
z,s=tanh(C;)
he = 04 0 235



. continued from previous slide

# Derivative of eq. 22 (Ci=zi7+2z;g

[dz,,, dz,g] += deriv(dC,,z,5,2Z.5, +’)

# Derivative of eq. 21 zig=i;o(;

[di,, dtildeC,] += deriv(dz,,,i,, dtildeC,,’o’)

# Derivative of eq. 20 zy7=f; o Ci_4
15. z13=Wephe-1

[df,, dC. ;] += deriv (dzlzr £./Cas'°") 16. 214 =Wey X
# Derivative of eq. 19 (;=0(z4) 17. Zys=213+7Z14
[dz,,] += deriv(dtildeC,,’sigmoid’) 18. z15=215+bc

: : 19. C,=
# Derivative of eq. 18 z=z15+b, 0 Zt :7;2163
- Z17=Jt ° L—1

[dz,5, db.] += deriv(dz,q, z;5,bc,"+") Al i O
# Derivative of eq. 17 Zzig=zZi13+Z14 22. (t=z47%214
[dz,;, dz,,] += deriv(dz,;,Zz,5,2,, ' +’)

# Derivative of eq. 16 z4=Wi X,

[dW.,, dx.] += deriv(dz,,, W, , x., ' *')

# Derivative of eq. 15 z3=Wghi_q

[dW.,, dh, ;] += deriv(dz ;,W,, h.,,"*")



. continued from previous slide

# Derivative of eq. 14 i;=0(z,)

[dz,,] += deriv(di.,’ sigmoid’)

# Derivative of eq. 13 z1,=2z1+bf

[dz,,, db.] += deriv(dz,,,z,;, b;, ' +’)

# Derivative of eqg. 12 z{1=2z9+Zq 3

. Z7=WicCiyq
[ng / leO] += deriv (lel / 29 / zlo / 4 +, ) 9 ZS=Wihht—1
# Derivative of eqg. 11 z;o=Wix, 10. zg=z7+zg
. 11. z, =W;
[dW,,, dx.] += deriv(dz,,, W, ,x.,'+") A=

12 211=Zg+210
13 212=le+bi
[dz,, dzg] += deriv(dz,,z,,zg, ' +’) 14. i,=0(2;3)

# Derivative of eqg. 10 zg=z,+2zg

# Derivative of eq. 9 zg=W;h;_4
[dW,,, dh. ;] += deriv(dzy,W;  h.;,"*’)
# Derivative of eqg. 8 z;,=W;Ci_4
[dW.., dC._,] += deriv(dz,,W,.,C.,, ' *’")



. continued from previous slide

# Derivative of eq. 7 fi=0(zg)
[dz,] += deriv(df.,’sigmoid’)

# Derivative of eq. 6 zg=zs+by
[dz,, db;] += deriv(dz,,z;, bs,'+')
# Derivative of eqg. 5 zZg=z3+274
[dz;, dz,] += deriv(dz.,z;,z,,’+')
# Derivative of eq. 4 z,=Wrx;
[dW.,, dx.] += deriv(dz,, W, ,x., ' *")
# Derivative of eg. 3 z3=z1+2,
[dz,, dz,] += deriv(dz,,z,,z,,’+’)
# Derivative of eq. 2 z;=Wgphi4

[dWg,, dh,. ;] += deriv(dz,,Ws  h.;,"*’)

# Derivative of eq. 1 z;=WpcCiq

[dW,.., dC, ,] += deriv(dz,,W.,Cp,, *')

return dC,,, dh,,, dx., d[W,b]
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Caveats

The deriv() routine given is missing several operators
* Operations involving constants (z = 2y, z = 1-y, z = 3+y)
» Division and inversion (e.g z=x/y, z=1/y,z=A%)

* You may have to extend it to deal with these, or rewrite your equations to eliminate such
operations if possible

* |n practice many of the operations will be grouped together for computational
efficiency

* And to take advantage of parallel processing capabilities

* But the basic principle applies to any computation that can be expressed as a
serial operation of unary and binary relations

* If you can do it on a computer, you can express it as a serial operation

* |n fact the preceding logic is exactly what we use to compute derivatives in
backprop

* We saw this explicitly in the vector version of BP for MLPs.



