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Sequence-to-sequence modelling

ÅProblem: 

ïA sequence ὢȣὢ goes in

ïA different sequence ὣȣὣ comes out

ÅE.g.

ïSpeech recognition:  Speech goes in, a word sequence comes 
out

ÅAlternately output may be phoneme or character sequence

ïMachine translation: Word sequence goes in, word sequence 
comes out

ÅIn general ὔ ὓ

ïNo synchrony between ὢand ὣ.
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Sequence to sequence

ÅSequence goes in,  sequence comes out

Åbƻ ƴƻǘƛƻƴ ƻŦ άǎȅƴŎƘǊƻƴȅέ ōŜǘǿŜŜƴ ƛƴǇǳǘ ŀƴŘ 

output

ïaŀȅ ŜǾŜƴ ƴƻǘ ƘŀǾŜ ŀ ƴƻǘƛƻƴ ƻŦ άŀƭƛƎƴƳŜƴǘέ

Å9ΦƎΦ   άL ŀǘŜ ŀƴ ŀǇǇƭŜέ ĄάIchhabeeinenapfelgegessenέ
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Seq2seq

Seq2seqI ate an apple Ich habe einen apfel gegessen

I ate an apple



Case 1: With alignment

ÅThe input and output sequences happen in the same 

order

ïAlthough they may be asynchronous

ïE.g.  Speech recognition

ÅThe input speech corresponds to the phoneme sequence output

Time

X(t)

Y(t)

t=0

h-1
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Variants on recurrent nets

Å 1:  Conventional MLP
Å 2: Sequence generation,  e.g. image to caption
Å 3: Sequence based prediction or classification, e.g.  Speech recognition,   

text classification

Images from
Karpathy
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Basic model

ÅSequence of inputs produces a single output

ὢ ὢ ὢ

/AH/
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Training

ÅThe Divergence is only defined at the final input

ïὈὍὠὣ ȟὣ ὢὩὲὸὣὝȟὖὬέὲὩάὩ

ÅThis divergence must propagate through the net to update 
all parameters

ÅIgnores outputs at intermediate steps 

ὢ ὢ ὢ

/AH/

Div

Y(2)
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Training

ÅExploiting the untagged inputs: assume the same output for the 
entire input

ÅDefine the divergence everywhere

ὈὍὠὣ ȟὣ ύὢὩὲὸὣὸȟὖὬέὲὩάὩ

ὢ ὢ ὢ

/AH/

Div

Y(2)

Fix: Use these 
outputs too.

These too must 
ideally point to the
correct phoneme

/AH/

Div

/AH/

Div
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Training

Å Define the divergence everywhere

ὈὍὠὣ ȟὣ ύὢὩὲὸὣὸȟὖὬέὲὩάὩ

Å Typical weighting scheme for speech: all are equally important

Å Problem like question answering: answer only expected after the question ends

ï Only ύ is high, other weights are 0 or low

ὢ ὢ ὢ

/AH/

Div

Y(2)

Fix: Use these 
outputs too.

These too must 
ideally point to the
correct phoneme

/AH/

Div

/AH/

Div
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Blue

Div
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Training

Å Define the divergence everywhere

ὈὍὠὣ ȟὣ ύὢὩὲὸὣὸȟὖὬέὲὩάὩ

Å Typical weighting scheme for speech: all are equally important

Å Problem like question answering: answer only expected after the question ends

ï Only ύ is high, other weights are 0 or low

ὢ ὢ ὢ

/AH/

Div

Y(2)

We will initially 
focus on the
class of problem 
where uniform 
weights are 
reasonable (e.g
speech recognition)

/AH/

Div

/AH/

Div
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The more complex problem

ÅObjective: Given a sequence of inputs, asynchronously 
output a sequence of symbols

ïThis is just a simple concatenation of many copies of the simple 
άƻǳǘǇǳǘ ŀǘ ǘƘŜ ŜƴŘ ƻŦ ǘƘŜ ƛƴǇǳǘ ǎŜǉǳŜƴŎŜέ ƳƻŘŜƭ ǿŜ Ƨǳǎǘ ǎŀǿ

ÅBut this simple extension complicates matters..

ὢ ὢ ὢ

/B/

ὢ ὢ ὢ

/F/

ὢ ὢ ὢ

/IY/

ὢ

11

/IY/



The sequence-to-sequence problem

ÅHow do we know when to output symbols
ïIn fact, the network produces outputs at every 

time

ïWhich of these are the real outputs?

ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ

/B/
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/F/ /IY//IY/



The actual output of the network

ÅAt each time the network outputs a probability for 
each output symbol given all inputs until that time

ïE.g. ώ ὴὶέὦί Ὀȿὢȣὢ

ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ
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Overall objective

ÅFind most likely symbol sequence given inputs
ὛȣὛ ÁÒÇÍÁØ

ȣ

ὴὶέὦὛȣὛ ȿὢȣὢ

ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ
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Finding the best output

ÅOption 1: Simply select the most probable 
symbol at each time

ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ
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Finding the best output

ÅOption 1: Simply select the most probable symbol at each 
time

ïMerge adjacent repeated symbols, and place the actual emission 
of the symbol in the final instant

ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ
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The actual output of the network

ÅOption 1: Simply select the most probable symbol at each 
time

ïMerge adjacent repeated symbols, and place the actual emission 
of the symbol in the final instant

ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ
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Cannot distinguish between an extended symbol and
repetitions of the symbol

/F/



The actual output of the network

ÅOption 1: Simply select the most probable symbol at each 
time

ïMerge adjacent repeated symbols, and place the actual emission 
of the symbol in the final instant

ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ
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Cannot distinguish between an extended symbol and
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Resulting sequence may be meaningless (what word is òGFIYDó?)



The actual output of the network

ÅOption 2: Impose external constraints on what sequences are 
allowed

ïE.g. only allow sequences corresponding to dictionary words

ïE.g. Sub-symbol units (like in HW1 ςwhat were they?)

ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ
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The actual output of the network

ÅOption 2: Impose external constraints on what sequences are 
allowed

ïE.g. only allow sequences corresponding to dictionary words

ïE.g. Sub-symbol units (like in HW1 ςwhat were they?)

ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ
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The sequence-to-sequence problem

ÅHow do we know when to output symbols

ïIn fact, the network produces outputs at every time

ïWhich of these are the real outputs

ÅHow do we train these models?

ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ

/B/
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/F/ /IY//IY/



Training

ÅGiven output symbols at the right locations

ïThe phoneme /B/ ends at X2, /IY/ at X4, /F/ at X6, 
/IY/ at X9

ὢ ὢ ὢ

/B/

ὢ ὢ ὢ ὢ ὢ ὢὢ
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/F/ /IY//IY/



ÅEither just define Divergence as:
ὈὍὠὢὩὲὸὣȟὄ ὢὩὲὸὣȟὍὣ ὢὩὲὸὣȟὊ ὢὩὲὸὣȟὍὣ

ÅOr..

ὢ ὢ ὢ

/B/

ὢ ὢ ὢ ὢ ὢ ὢὢ

Div Div Div

/F/ /IY/

ὣ ὣ ὣ
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/IY/

Div

ὣ



Å Either just define Divergence as:
ὈὍὠὢὩὲὸὣȟὄ ὢὩὲὸὣȟὍὣ ὢὩὲὸὣȟὊ ὢὩὲὸὣȟὍὣ

ÅOr repeat the symbols over their duration

ὈὍὠ ὢὩὲὸὣȟίώάὦέὰ ÌÏÇὣὸȟίώάὦέὰ

ὢ ὢ ὢ

/B/

ὢ ὢ ὢ ὢ ὢ ὢὢ

Div Div Div

/F/ /IY/

ὣ ὣ ὣ

DivDivDivDivDivDivDiv
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/IY/

ὣ



ὈὍὠ ὢὩὲὸὣȟίώάὦέὰ ÌÏÇὣὸȟίώάὦέὰ

Å The gradient w.r.t the ὸ-th output vector ὣ

​ὈὍὠ π π ȣ
ρ

ὣὸȟίώάὦέὰ
π ȣ π

ïZeros except at the component corresponding to the target 

ὢ ὢ ὢ

/B/

ὢ ὢ ὢ ὢ ὢ ὢὢ

Div Div Div

/F/ /IY/

ὣ ὣ ὣ

DivDivDivDivDivDivDiv
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/IY/

ὣ



ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ

Problem: No timing information provided

ÅOnly the sequence of output symbols is 
provided for the training data
ïBut no indication of which one occurs where

ÅHow do we compute the divergence?
ïAnd how do we compute its gradient w.r.t. ὣ

/B/ /IY/ /IY/

? ? ? ? ? ? ? ? ? ?
ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣὣ
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/F/



ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ

Solution 1: Guess the alignment

ÅInitialize:  Assign an initial alignment

ïEither randomly, based on some heuristic, or any other rationale

ÅIterate:

ïTrain the network using the current alignment

ïReestimatethe alignment for each training instance

ÅUsing the decoding methods already discussed 

? ? ? ? ? ? ? ? ? ?
ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣὣ
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/B/ /B/ /IY/ /IY/ /IY/ /F/ /F/ /F/ /F/ /IY/



ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ

Solution 1: Guess the alignment

ÅInitialize:  Assign an initial alignment

ïEither randomly, based on some heuristic, or any other rationale

ÅIterate:

ïTrain the network using the current alignment

ïReestimatethe alignment for each training instance

ÅUsing the decoding methods already discussed 

? ? ? ? ? ? ? ? ? ?
ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣὣ

28

/B/ /B/ /IY/ /IY/ /IY/ /F/ /F/ /F/ /F/ /IY/



Estimating an alignment
ÅGiven:

ïThe unaligned ὑ-length symbol sequence Ὓ ὛȣὛ (e.g. /B/ /IY/ 
/F/ /IY/)

ïAn ὔ-length input (ὔ ὑ)

ïAnd a (trained) recurrent network

Å Find:

ïAn ὔ-lengthexpansion ίȣί comprising the symbols in S in strict 
order

Åe.g. ὛὛὛὛὛὛȣὛ
ï i.e.ί Ὓȟί ὛȟὛ Ὓȟί Ὓȟί Ὓȟȣί Ὓ

ÅE.g.  /B/ /B/ /IY/ /IY/ /IY/ /F/ /F/ /F/ /F/ /IY/ ..

ïί ὛᵼὭ Ὧ

ïί Ὓȟί ὛȟὭ ὮᵼὯ ὰ

ÅOutcome: an alignment of the target symbol sequence ὛȣὛ to 
the input ὢȣὢ 29



Recall: The actual output of the network

ÅAt each time the network outputs a probability 
for each output symbol

30
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Recall: unconstrained decoding

ÅWe find the most likely sequence of symbols

ï (Conditioned on input ὢȣὢ

Å This may not correspond to an expansion of the desired symbol 
sequence

ïE.g. the unconstrained decode may be 
/AH//AH//AH//D//D//AH//F//IY//IY/

ÅContracts to /AH/ /D/ /AH/ /F/ /IY/

ïWhereas we want an expansion of /B//IY//F//IY/ 31
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Constraining the alignment: Try 1

ÅBlock out all rows that do not include symbols 
from the target sequence

ïE.g.  Block out rows that are not /B/ /IY/ or /F/
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/B/ ώ ώ ώ ώ ώ ώ ώ ώ ώ

/IY/ ώ ώ ώ ώ ώ ώ ώ ώ ώ

/F/ ώ ώ ώ ώ ώ ώ ώ ώ ώ

Blocking out unnecessary outputs

33

Compute the entire output (for all symbols)
Copy the output values for the target symbols into the secondary reduced structure



Constraining the alignment: Try 1

ÅOnly decode on reduced grid

ïWe are now assured that only the appropriate 
symbols will be hypothesized

34
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Constraining the alignment: Try 1

ÅOnly decode on reduced grid

ïWe are now assured that only the appropriate symbols will 
be hypothesized

ÅtǊƻōƭŜƳΥ ¢Ƙƛǎ ǎǘƛƭƭ ŘƻŜǎƴΩǘ ŀǎǎǳǊŜ ǘƘŀǘ ǘƘŜ ŘŜŎƻŘŜ 
sequence correctly expands the target symbol sequence

ïE.g. the above decode is not an expansion of /B//IY//F//IY/

ÅStill needs additional constraints 35

/B/ ώ ώ ώ ώ ώ ώ ώ ώ ώ
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Arrange the constructed table so that from top to bottom it has the exact 
sequence of symbols required

Try 2: Explicitly arrange the constructed 
table

/B/ ώ ώ ώ ώ ώ ώ ώ ώ ώ

/IY/ ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

/IY/ ώ ώ ώ ώ ώ ώ ώ ώ ώ

/F/
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Arrange the constructed table so that from top to bottom it has the exact 
sequence of symbols required

Try 2: Explicitly arrange the constructed 
table

/B/ ώ ώ ώ ώ ώ ώ ώ ώ ώ

/IY/ ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

/IY/ ώ ώ ώ ώ ώ ώ ώ ώ ώ

/F/

Note: If a symbol occurs multiple times,  we repeat the 
row in the appropriate location.
E.g. the row for /IY/ occurs twice, in the 2 nd and 4th positions



Explicitly constrain alignment

ÅConstrain that the first symbol in the decode must be the top 
left block

ÅThe last symbol must be the bottom right

ÅThe rest of the symbols must follow a sequence that 
monotonically travels down from top left to bottom right

ïI.e. never goes up

ÅThis guarantees that the sequence is an expansion of the 
target sequence

ï/B/ /IY/ /F/ /IY/ in this case 38
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Explicitly constrain alignment

39

/IY/

/B/

/F/

/IY/

Å Compose a graph such that every path in the graph from source to sink represents a 
valid alignment
ï Which maps on to the target symbol sequence (/B//AH//T/)

Å Edge scores are 1

Å Node scores are the probabilities assigned to the symbols by the neural network

Å ¢ƘŜ άǎŎƻǊŜέ ƻŦ ŀ ǇŀǘƘ ƛǎ ǘƘŜ ǇǊƻŘǳŎǘ ƻŦ ǘƘŜ ǇǊƻōŀōƛƭƛǘƛŜǎ ƻŦ ŀƭƭ ƴƻŘŜǎ ŀƭƻƴƎ ǘƘŜ ǇŀǘƘ

Å Find the most probable path from source to sink using any dynamic programming 
algorithm
ï E.g.  The Viterbi algorithm

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Viterbi algorithm

ÅAt each node, keep track of 

ïThe best incoming edge

ïThe score of the best path from the source to the 

node

ÅDynamically compute the best path from 

source to sink
40
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Viterbi algorithm

Å First, some notation:

Åώ is the probability of the target symbol assigned to the ὶ-th row 
in the ὸ-th time (given inputs ὢȣὢ

ïE.g.,  S(0) = /B/

ÅThe scores in the 0th row have the form ώ

ïE.g. S(1) = S(3) = /IY/

ÅThe scores in the 1st and 3rd rows have the form ώ

ïE.g. S(2) = /F/

ÅThe scores in the 2nd row have the form ώ
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Viterbi algorithm

Å Initialization:

ὄὖπȟὭ ὲόὰὰȟὭ πȣὑ ρ

ὄίὧὶπȟπ ώ ȟὄίὧὶπȟὭ ЊȟὭ ρȣὑ ρ

Å for ὸ ρȣὝ ρ

ὄὖὸȟπ πȟὄίὧὶὸȟπ ὄίὧὶὸ ρȟπ ώ

for ὰ πȣὑ ρ

Åὄὖὸȟὰ ὭὪὄίὧὶὸ ρȟὰ ρ ὄίὧὶὸ ρȟὰ ὰ ρȠὩὰίὩὰ

Åὄίὧὶὸȟὰ ὄίὧὶὄὖὸȟὰ ώ
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Viterbi algorithm
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Viterbi algorithm

Å Initialization:
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Viterbi algorithm

Å Initialization:
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46

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Viterbi algorithm

Å Initialization:
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Å for ὸ ρȣὝ ρ
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47

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Viterbi algorithm

Å Initialization:
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ὄὖὸȟπ πȠὄίὧὶὸȟπ ὄίὧὶὸ ρȟπ ώ

for ὰ ρȣὑ ρ
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Viterbi algorithm

Å Initialization:
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Åὄίὧὶὸȟὰ ὄίὧὶὄὖὸȟὰ ώ
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Viterbi algorithm

Å Initialization:

ὄὖπȟὭ ὲόὰὰȟὭ πȣὑ ρ
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ὄὖὸȟπ πȠὄίὧὶὸȟπ ὄίὧὶὸ ρȟπ ώ

for ὰ ρȣὑ ρ
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Viterbi algorithm

ÅίὝ ρ Ὓὑ ρ

Åfor ὸ ὝὨέύὲὸέρ

ïs(t-1) = BP(s(t))
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Viterbi algorithm

ÅίὝ ρ Ὓὑ ρ

Åfor ὸ Ὕ ρὨέύὲὸέρ

ίὸ ρ ὄὖίὸ
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Viterbi algorithm

ÅίὝ ρ Ὓὑ ρ

Åfor ὸ Ὕ ρὨέύὲὸέρ

ίὸ ρ ὄὖίὸ
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ὈὍὠ ὢὩὲὸὣȟίώάὦέὰ ÌÏÇὣὸȟίώάὦέὰ

Å The gradient w.r.t the ὸ-th output vector ὣ

​ὈὍὠ π π ȣ
ρ

ὣὸȟίώάὦέὰ
π ȣ π

ïZeros except at the component corresponding to the target in the estimated 
alignment
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Gradients from the alignment
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ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ

Iterative Estimate and Training

? ? ? ? ? ? ? ? ? ?
ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣὣ
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/B/ /B/ /IY/ /F/ /F/ /IY/ /IY/ /IY/ /IY/ /IY/

Decode to obtain
alignments

Train model with
given alignments

Initialize
alignments

The òdecodeó and òtrainó steps may be combine into a single òdecode, find alignment,
compute derivativesó step for SGD and mini-batch updates



Iterative update

ÅOption 1:
ïDetermine alignments for every training instance

ïTrain model (using SGD or your favorite approach) on 
the entire training set

ïIterate

ÅOption 2:
ïDuring SGD, for each training instance, find the 

alignment during the forward pass

ïUse in backward pass
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Iterative update: Problem

ÅApproach heavily dependent on initial 
alignment

ÅProne to poor local optima

ÅAlternate solution: Do not commit to an 
alignment during any pass..

58



Å We commit ǘƻ ǘƘŜ ǎƛƴƎƭŜ άōŜǎǘέ ŜǎǘƛƳŀǘŜŘ ŀƭƛƎƴƳŜƴǘ
ï The most likely alignment

ὈὍὠ ÌÏÇὣὸȟίώάὦέὰ

ï This can be way off, particularly in early iterations, or if the model is poorly initialized

Å Alternate view: there is a probability distribution over alignments
ï Selecting a single alignment is the same as drawing a single sample from this 

distribution

ï Selecting the most likely alignment is the same as deterministically always drawing 
the most probable value from the distribution 59

The reason for suboptimality
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Å We commit ǘƻ ǘƘŜ ǎƛƴƎƭŜ άōŜǎǘέ ŜǎǘƛƳŀǘŜŘ ŀƭƛƎƴƳŜƴǘ
ï The most likely alignment

ὈὍὠ ÌÏÇὣὸȟίώάὦέὰ

ï This can be way off, particularly in early iterations, or if the model is poorly initialized

Å Alternate view:there is a probability distribution over alignments of the target 
Symbol sequence (to the input)
ï Selecting a single alignment is the same as drawing a single sample from it

ï Selecting the most likely alignment is the same as deterministically always drawing 
the most probable value from the distribution
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The reason for suboptimality
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ÅInstead of only selecting the most likely alignment, use the 
statistical expectation over all possible alignments

ὈὍὠὉ ÌÏÇὣὸȟί

ïUse the entire distribution of alignments

ïThis will mitigate the issue of suboptimal selection of alignment
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Averaging over all alignments

t 0 1 2 3 4 5 6 7 8
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ὈὍὠὉ ÌÏÇὣὸȟί

Å Using the linearity of expectation

ὈὍὠ ὉÌÏÇὣὸȟί

ï This reduces to finding the expected divergence at each input

ὈὍὠ

ᶰ ȣ

ὖί ὛȿἡȟἦÌÏÇὣὸȟί ί
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The expectation over all alignments

t 0 1 2 3 4 5 6 7 8
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ὈὍὠὉ ÌÏÇὣὸȟί

Å Using the linearity of expectation

ὈὍὠ ὉÌÏÇὣὸȟί

ï This reduces to finding the expected divergence at each input

ὈὍὠ

ᶰ ȣ

ὖί ὛȿἡȟἦÌÏÇὣὸȟί Ὓ
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The expectation over all alignments

t 0 1 2 3 4 5 6 7 8

The probability of seeing the specific symbol s at time t,
given that the symbol sequence is an expansion of
ἡ ὛȣὛ and given the input sequence ἦ ὢȣὢ

We need to be able to compute this
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ὖί Ὓȿἡȟἦ ᶿὖί Ὓȟἡȿἦ

Åὖί Ὓȟἡȿἦ is the total probability of all valid paths in 
the graph for target sequence ἡthat go through the symbol 
Ὓ (the ὶth symbol in the sequence ὛȣὛ) at time ὸ

Å²Ŝ ǿƛƭƭ ŎƻƳǇǳǘŜ ǘƘƛǎ ǳǎƛƴƎ ǘƘŜ άŦƻǊǿŀǊŘ-ōŀŎƪǿŀǊŘέ 
algorithm
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A posteriori probabilities of symbols
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Å Decompose ὖί Ὓȟἡȿἦ as follows:
ὖί Ὓȟἡȿἦ

ȣ ᴼ ȣ ȣ ᴼ ȣ

ὖίȣί ȟί Ὓȟί ȣί ȟἡἦ

Å Ὓ indicates that ί might either be Ὓ or Ὓ

Å Ὓ indicates that  ί might be either Ὓor Ὓ

ȣ ᴼ ȣ ȣ ᴼ ȣ

ὖίȣί ȟί Ὓȟί ȣί ἦ

ï Because the target symbol sequence ἡis implicit in the synchronized sequences ίȣί which are 
constrained to be expansions of ἡ 65

A posteriori probabilities of symbols
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ὖί Ὓȟἡȿἦ

ȣ ᴼ ȣ ȣ ᴼ ȣ

ὖίȣί ȟί Ὓȟί ȣί ἦ

ȣ ᴼ ȣ ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦὖί ȣί ίȣί ȟί Ὓȟἦ

Å For a recurrent network without feedback from the output we can make the conditional independence 
assumption:

ὖί ȣίȣίȟἦ ὖί ȣἦ

ὖί Ὓȟἡȿἦ

ȣ ᴼ ȣ ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦὖί ȣί ί Ὓȟἦ
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A posteriori probabilities of symbols
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ὖίȣί ȟί Ὓ ἦὖί ȣί ίȣί ȟί Ὓȟἦ

Å For a recurrent network without feedback from the output we can make the conditional independence 
assumption:

ὖί ȣίȣίȟἦ ὖί ȣἦ

ὖί Ὓȟἡȿἦ

ȣ ᴼ ȣ ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦὖί ȣί ί Ὓȟἦ
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Note: in reality, this assumption is not valid if the hidden states are unknown, but 
we will make it anyway 

A posteriori probabilities of symbols
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Conditional independence

Å Dependency graph:Input sequence ἦ ὢ ὢȣὢ governs hidden 
variables ἒ Ὄ ὌȣὌ

Å Hidden variables govern output predictions ώ, ώ, ȣώ individually

Å ώ, ώ, ȣώ are conditionally independent given ἒ

Å Since ἒis deterministically derived from ἦ, ώ, ώ, ȣώ are also 
conditionally independent given ἦ

ï¢Ƙƛǎ ǿƻǳƭŘƴΩǘ ōŜ ǘǊǳŜ ƛŦ ǘƘŜ ǊŜƭŀǘƛƻƴ ōŜǘǿŜŜƴ ἦand ἒwere not deterministic or 
if ἦis unknown
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ἦ ὢ ὢȣὢ ἒ Ὄ ὌȣὌ

ώ

ώ

ώ

ể



ὖί Ὓȟἡȿἦ

ȣ ᴼ ȣ ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦὖί ȣί ἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ἦ
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A posteriori probabilities of symbols
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ὖί Ὓȟἡȿἦ

ȣ ᴼ ȣ ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦὖί ȣί ἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ἦ
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A posteriori probabilities of symbols
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ὖί Ὓȟἡȿἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ἦ

Å We will call the first term the forward probability ‌ὸȟὶ

Å We will call the second term the backward probability ‍ὸȟὶ
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The expectation over all alignments
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/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



‌ὸȟὶ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ

ȣ ᴼ ȣ

ὖίȣί ἦὖί Ὓ ίȣί ȟἦ

ȣ ᴼ ȣ

ὖίȣί ἦὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ ὖί Ὓ ἦ
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Forward algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



‌ὸȟὶ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ

ȣ ᴼ ȣ

ὖίȣί ἦὖί Ὓ ίȣί ȟἦ

ȣ ᴼ ȣ

ὖίȣί ἦὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ ὖί Ὓ ἦ
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Forward algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



‌ὸȟὶ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ

ȣ ᴼ ȣ

ὖίȣί ἦὖί Ὓ ίȣί ȟἦ

ȣ ᴼ ȣ

ὖίȣί ἦὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ ὖί Ὓ ἦ
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Forward algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



‌ὸȟὶ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ

ȣ ᴼ ȣ

ὖίȣί ἦὖί Ὓ ίȣί ȟἦ

ȣ ᴼ ȣ

ὖίȣί ἦὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ ὖί Ὓ ἦ
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Forward algorithm

‌ὸ ρȟὶ ‌ὸ ρȟὶ ρ ώ

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



‌ὸȟὶ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ

ȣ ᴼ ȣ

ὖίȣί ἦὖί Ὓ ίȣί ȟἦ

ȣ ᴼ ȣ

ὖίȣί ἦὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ ὖί Ὓ ἦ

‌ὸȟὶ ‌ὸ ρȟὶ ‌ὸ ρȟὶ ρ ώ
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Forward algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



‌ὸȟὶ ‌ὸ ρȟὶ ‌ὸ ρȟὶ ρ ώ
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Forward algorithm

‌ὸȟὶ‌ὸ ρȟὶ
‌ὸ ρȟὶ ρ

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Forward algorithm

Å Initialization:

‌πȟρ ώ ȟ ‌πȟὶ πȟὶ ρ

Å for ὸ ρȣὝ ρ

‌ὸȟρ ‌ὸ ρȟρώ

for ὰ ςȣὑ

Å‌ὸȟὰ ‌ὸ ρȟὰ ‌ὸ ρȟὰ ρ ώ
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Forward algorithm

Å Initialization:

‌πȟρ ώ ȟ ‌πȟὶ πȟὶ ρ

Å for ὸ ρȣὝ ρ

‌ὸȟρ ‌ὸ ρȟρώ

for ὰ ςȣὑ

Å‌ὸȟὰ ‌ὸ ρȟὰ ‌ὸ ρȟὰ ρ ώ
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Forward algorithm

Å Initialization:

‌πȟρ ώ ȟ ‌πȟὶ πȟὶ ρ

Å for ὸ ρȣὝ ρ

‌ὸȟρ ‌ὸ ρȟρώ

for ὰ ςȣὑ

Å‌ὸȟὰ ‌ὸ ρȟὰ ‌ὸ ρȟὰ ρ ώ
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tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Forward algorithm

Å Initialization:

‌πȟρ ώ ȟ ‌πȟὶ πȟὶ ρ

Å for ὸ ρȣὝ ρ

‌ὸȟρ ‌ὸ ρȟρώ

for ὰ ςȣὑ

Å‌ὸȟὰ ‌ὸ ρȟὰ ‌ὸ ρȟὰ ρ ώ
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tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Forward algorithm

Å Initialization:

‌πȟρ ώ ȟ ‌πȟὶ πȟὶ ρ

Å for ὸ ρȣὝ ρ

‌ὸȟρ ‌ὸ ρȟρώ

for ὰ ςȣὑ

Å‌ὸȟὰ ‌ὸ ρȟὰ ‌ὸ ρȟὰ ρ ώ
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tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Forward algorithm

Å Initialization:

‌πȟρ ώ ȟ ‌πȟὶ πȟὶ ρ

Å for ὸ ρȣὝ ρ

‌ὸȟρ ‌ὸ ρȟρώ

for ὰ ςȣὑ

Å‌ὸȟὰ ‌ὸ ρȟὰ ‌ὸ ρȟὰ ρ ώ
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tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



In practice..

ÅThe recursion  

‌ὸȟὰ ‌ὸ ρȟὰ ‌ὸ ρȟὰ ρ ώ

will generally underflow

ÅInstead we can do it in the log domain
ÌÏÇ‌ὸȟὰ

ÌÏÇὩ ȟ Ὡ ȟ ÌÏÇώ

ïThis can be computed entirely without underflow 
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Forward algorithm

Å Initialization:

‌πȟρ ρȟ‌πȟὶ πȟὶ ρ

‌πȟὶ ‌πȟὶώ ȟ ρ ὶ ὑ

Å for ὸ ρȣὝ ρ
‌ὸȟρ ‌ὸ ρȟρ

for ὰ ςȣὑ

Å ‌ὸȟὰ ‌ὸ ρȟὰ ‌ὸ ρȟὰ ρ

‌ὸȟὶ ‌ὸȟὶώ ȟ ρ ὶ ὑ
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tt 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



ὖί Ὓȟἡȿἦ

ȣ ᴼ ȣ

ὖίȣί ȟί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ἦ

Å We will call the first term the forward probability ‌ὸȟὶ

Å We will call the second term the backward probability ‍ὸȟὶ
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The forward probability

We have seen how to compute this ‌ὸȟὶ

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



ὖί Ὓȟἡȿἦ ‌ὸȟὶ

ȣ ᴼ ȣ

ὖί ȣί ἦ

ÅWe will call the first term the forward probability ‌ὸȟὶ

ÅWe will call the second term the backward probability ‍ὸȟὶ
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The forward probability

We have seen how to compute this

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



ὖί Ὓȟἡȿἦ ‌ὸȟὶ

ȣ ᴼ ȣ

ὖί ȣί ἦ

ÅWe will call the first term the forward probability ‌ὸȟὶ

ÅWe will call the second term the backward probability ‍ὸȟὶ
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The forward probability

Lets look at this‍ὸȟὶ

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



‍ὸȟὶ

ȣ ᴼ ȣ

ὖί ȣί ἦ

ȣ ᴼ ȣ

ὖί Ὓȟί ȣί ἦ

ȣ ᴼ ȣ

ὖί Ὓ ȟί ȣί ἦ
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Backward algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



‍ὸȟὶ

ȣ ᴼ ȣ

ὖί ȣί ἦ

ȣ ᴼ ȣ

ὖί Ὓȟί ȣί ἦ

ȣ ᴼ ȣ

ὖί Ὓ ȟί ȣί ἦ

ὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ί Ὓȟἦ

ὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ί Ὓ ȟἦ
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Backward algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



‍ὸȟὶ

ȣ ᴼ ȣ

ὖί ȣί ἦ

ȣ ᴼ ȣ

ὖί Ὓȟί ȣί ἦ

ȣ ᴼ ȣ

ὖί Ὓ ȟί ȣί ἦ

ὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ί Ὓȟἦ

ὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ί Ὓ ȟἦ

ὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ἦ ὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ἦ
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Backward algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



‍ὸȟὶ

ȣ ᴼ ȣ

ὖί ȣί ἦ

ȣ ᴼ ȣ

ὖί Ὓȟί ȣί ἦ

ȣ ᴼ ȣ

ὖί Ὓ ȟί ȣί ἦ

ὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ί Ὓȟἦ

ὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ί Ὓ ȟἦ

ὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ἦ ὖί Ὓ ἦ

ȣ ᴼ ȣ

ὖί ȣί ἦ
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Backward algorithm

‍ὸ ρȟὶ ώώ ‍ὸ ρȟὶ ρ

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



‍ὸȟὶ ώ ‍ὸ ρȟὶ ώ ‍ὸ ρȟὶ ρ
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Backward algorithm

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Backward algorithm

ÅInitialization:

‍Ὕ ρȟὑ ρȟ‍Ὕ ρȟὶ πȟὶ ὑ

Åfor ὸ Ὕ ςὨέύὲὸέπ

‍ὸȟὑ ‍ὸ ρȟὑώ

for ὰ ὑ ρȣρ

Å‍ὸȟὶ ώ ‍ὸ ρȟὶ ώ ‍ὸ ρȟὶ ρ
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Backward algorithm

ÅInitialization:

‍Ὕ ρȟὑ ρȟ‍Ὕ ρȟὶ πȟὶ ὑ

Åfor ὸ Ὕ ςὨέύὲὸέπ

‍ὸȟὑ ‍ὸ ρȟὑώ

for ὰ ὑ ρȣρ

Å‍ὸȟὶ ώ ‍ὸ ρȟὶ ώ ‍ὸ ρȟὶ ρ
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Backward algorithm

ÅInitialization:

‍Ὕ ρȟὑ ρȟ‍Ὕ ρȟὶ πȟὶ ὑ

Åfor ὸ Ὕ ςὨέύὲὸέπ

‍ὸȟὑ ‍ὸ ρȟὑώ

for ὰ ὑ ρȣρ

Å‍ὸȟὶ ώ ‍ὸ ρȟὶ ώ ‍ὸ ρȟὶ ρ
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Backward algorithm

ÅInitialization:

‍Ὕ ρȟὑ ρȟ‍Ὕ ρȟὶ πȟὶ ὑ

Åfor ὸ Ὕ ςὨέύὲὸέπ

‍ὸȟὑ ‍ὸ ρȟὑώ

for ὰ ὑ ρȣρ

Å‍ὸȟὶ ώ ‍ὸ ρȟὶ ώ ‍ὸ ρȟὶ ρ
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Backward algorithm

ÅInitialization:

‍Ὕ ρȟὑ ρȟ‍Ὕ ρȟὶ πȟὶ ὑ

Åfor ὸ Ὕ ςὨέύὲὸέπ

‍ὸȟὑ ‍ὸ ρȟὑώ

for ὰ ὑ ρȣρ

Å‍ὸȟὶ ώ ‍ὸ ρȟὶ ώ ‍ὸ ρȟὶ ρ
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t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



ὖί Ὓȟἡȿἦ ‌ὸȟὶ

ȣ ᴼ ȣ

ὖί ȣί ἦ

ÅWe will call the first term the forward probability ‌ὸȟὶ

ÅWe will call the second term the backward probability ‍ὸȟὶ
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The joint probability

We now can compute this‍ὸȟὶ

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



ὖί Ὓȟἡȿἦ ‌ὸȟὶ‍ὸȟὶ

ÅWe will call the first term the forward probability ‌ὸȟὶ

ÅWe will call the second term the backward probability 
‍ὸȟὶ
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The joint probability

Backward algoForward algo

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



ὖί Ὓȟἡȿἦ ‌ὸȟὶ‍ὸȟὶ

Å The posterior is given by

ὖί Ὓȿἡȟἦ
ὖί Ὓȟἡȿἦ

В ὖί Ὓȟἡȿἦ

‌ὸȟὶ‍ὸȟὶ

В ‌ὸȟὶᴂ‍ὸȟὶᴂ

ÅWe can also write this as

ὖί Ὓȿἡȟἦ
‌ὸȟὶώ ‍ὸȟὶ

‌ὸȟὶώ ‍ὸȟὶ В ‌ὸȟὶ‍ὸȟὶᴂ

The posterior probability

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



ὈὍὠ

ᶰ ȣ

ὖί ίἡȟἦÌÏÇὣὸȟί ί

ὈὍὠ
‌ὸȟὶ‍ὸȟὶ

В ‌ὸȟὶᴂ‍ὸȟὶᴂ
ÌÏÇώ

Å The derivative of the divergence w.r.t the output Ytof the net at any time:

​ὈὍὠ
ὨὈὍὠ

Ὠώ

ὨὈὍὠ

Ὠώ
ȣ
ὨὈὍὠ

Ὠώ

ï Components will be non-zero only for symbols that occur in the training instance
102

The expected divergence

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



ὈὍὠ

ᶰ ȣ

ὖί ίἡȟἦÌÏÇὣὸȟί ί

ὈὍὠ
‌ὸȟὶ‍ὸȟὶ

В ‌ὸȟὶᴂ‍ὸȟὶᴂ
ÌÏÇώ

Å The derivative of the divergence w.r.t the output Ytof the net at any time:

​ὈὍὠ
ὨὈὍὠ

Ὠώ

ὨὈὍὠ

Ὠώ
ȣ
ὨὈὍὠ

Ὠώ

ï Components will be non-zero only for symbols that occur in the training instance
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The expected divergence

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



ὈὍὠ

ᶰ ȣ

ὖί ίἡȟἦÌÏÇὣὸȟί ί

ὈὍὠ
‌ὸȟὶ‍ὸȟὶ

В ‌ὸȟὶᴂ‍ὸȟὶᴂ
ÌÏÇώ

Å The derivative of the divergence w.r.t the output Ytof the net at any time:

​ὈὍὠ
ὨὈὍὠ

Ὠώ

ὨὈὍὠ

Ὠώ
ȣ
ὨὈὍὠ

Ὠώ

ï Components will be non-zero only for symbols that occur in the training instance
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The expected divergence

Must compute these
terms from here

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



ὈὍὠ
‌ὸȟὶ‍ὸȟὶ

В ‌ὸȟὶᴂ‍ὸȟὶᴂ
ÌÏÇώ

Å The derivative of the divergence w.r.t any particular output of the network must sum over 
all instances of that symbol in the target sequence

ὨὈὍὠ

Ὠώ
Ḋ

Ὠ

Ὠώ

‌ὸȟὶ‍ὸȟὶ

В ‌ὸȟὶᴂ‍ὸȟὶᴂ
ÌÏÇώ

ï E.g. the derivative w.r.t ώ will sum over both rows representing /IY/ in the above figure
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The expected divergence

The derivatives at both these locations must be summed to get 

t 0 1 2 3 4 5 6 7 8

/IY/

/B/

/F/

/IY/

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ

ώ ώ ώ ώ ώ ώ ώ ώ ώ



Overall training procedure for 
Seq2Seq case 1 

ÅProblem: Given input and output sequences 
without alignment, train models
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ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢ ὢὢ

/B/ /IY/ /IY/

? ? ? ? ? ? ? ? ? ?
ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣ ὣὣ

/F/



Overall training procedure for 
Seq2Seq case 1 

ÅStep 1: Setup the network

ïTypically many-layered LSTM

ÅStep 2: Initialize all parameters of the network 
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Overall Training: Forward pass
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ÅForeachtraining instance
ÅStep 3:  Forward pass. Pass the training instance through 

the network and obtain all symbol probabilities at each 
time


