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Open Question

1. Say we have a data distribution p that is a mixture of two 2D gaussians as shown below in red. We want to
approximate this with one gaussian estimate q using KL-divergence. Which of the following three will result from
optimizing Dk, (p | | @)

2. and which from Dk, (q | | p)?
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Background

1. Generative Models and Discriminative models
2. Autoencoders
3. Variational Autoencoders

1. Reparameterization trick

2. ELBO



Sandcastles

How to create a sandcastle:

Step 1: Take a sandcastle
Step 2: Destroy the sandcastle
Step 3: Remember how you destroyed the sandcastle

Step 4: Reverse the process

Key Idea

Once you know how to reconstruct sandcastles,
you can start with some different “sand”, apply
this process, and end up with a different
“sandcastle”




Part1
Diffusion Models



ELBO Recap

Why use ELBO?

Directly maximizing p(x) is very difficult:

* itinvolves either marginalizing over the entire latent space Z (intractable for complex models) OR
* Itinvolves having access to the ground truth latent encoder p(z|x)

ELBO:

p(x,2)

log(p(x)) = Eqyz 1) [log a4(zlx)

Question: Why does the = show up here? — With the derivation in the appendix, we see a Dy (q4(z|x) | | p(z]x))
term show up which is always = 0.

Applying chain-rule of probabilities:

ELBO = IEQ¢(Z|x)[logp9(x|Z)] - DKL(Q([)(Z | x)l |p(Z))

Reconstruction Prior matching



Variational Autoencoder Recap

p(x|z)
o Latent variable sampling: z ~ N (z; ud,(x),a(f,(x))
Reparameterization trick: z = ug(x) + o4(x) O€, € ~N(0,1)
X y4
Training:
* Jointly optimize 6 and ¢
¢ * Maximize ELBO
q(z|x)

Empirically, we found that two things make VAEs work really well:
1. Increasing the depth of the networks
2. Introducing a hierarchy of latent variables (latent variables of latent variables)

X < Z1 < Zy < ... < zp , such that each latent is conditioned on all previous latents.

We are particularly interested in such HAVEs that where the process is a Markovian chain - MHVAE



Markovian Hierarchical Variational Autoencoder

27 2’1 »41 »cz p 7 1‘~1

( 1|7) ( 22|21) ~T|ZT—1
Joint probability: p(x, 21:r) = PrIpe (x| 22) [Ty Py (201120
Posterior probability: qp(z17 | %) = 9 (21] ) [Tt=2 9 (Z¢]2e-1)

Updated ELBO:
p(x, z1.7)

log(p(x)) = Eqgzir | 2) [log 19T | 2)



Diffusion Models

Diffusion models are essentially MHVAEs with 3 restrictions:

1. Latent dimension is the same as the data dimension

2. The encoder has no parameters to be learnt. It is defined to be a linear gaussian such that the tt" gaussian is
centered around the previous latent z;_4

3. The parameters for the gaussians are scheduled such that the final latent is a standard gaussian.

Zr ~ N(ZT; O,I)

The first restriction allows for some mild abuse of notation:

T
ap Cerr 1 %0) = | | 4 Geele—n)
t=1

T
pCror) = pCer) | [ poGeecale)
t=1



Diffusion Models

p(xolz1) Plai—1|Te) p(ze|Tesn) plap_i|xr)
A 4 T N _7 4
(](Sfllﬂ?o) q(x¢|2i-1) C](xt+1\95t) Q($T|$T—1)

The first restriction allows for some mild abuse of notation:

T
ap Cerr 1 %0) = | | 4 Geele—n)
t=1

T
pCror) = pCer) | [ poGeecale)
t=1



Diffusion Models — Diffusion Process

Following the second restriction, we now define the linear gaussian for the encoding (diffusion) process:
q(xelxe—1) = N O pe(xe—1), Z¢ 1)

pe(xe—1) = 1= Bexe—1, Z¢= Py
We additionally define a; = 1 — ;.

B is defined to preserve variance across the diffusion steps.

We can now write
q(xelxe—q) = N(xt;\/a_tx(t—l)r 1- at)I)

Using the reparameterization trick:
Xt = \AX(-1) T (,/1 - at)e, e~N(@,I Sum of two gaussians is another

gaussian with mean as the sum of

Ihisitakes UsiffomitimelstepiDiioit the two means and variance as the

i 1 /

in one step! = ﬂlatat—lx(t—Z) + ( 1-— atat_z)e sum of the two variances.

From the third restriction, we get =V A1 Q2 X(t-3) T (\/1 - aftaft—zaft—3)‘E (1-ap)e—> N(c0,1—a.0)
ar -0 = VA dp—q - A1X(0) T (‘/1 — Aelp—2 - al)e Define

t
= Ja@xg) + (V1-@&)e @= | |a



Diffusion Models — Diffusion Process

q(xelxe—1) = Vagxi—1y + (,/1 - at)e, e ~N(0,I)

This formulation essentially paints a picture of this process to be incrementally adding noise till we reach xr which is

defined to be pure noise.
plwe-ilre) p(e]wesa) p(xr-1|zr)

p(ol1)

® 0606 6

e ey S N |
q(x1 o) q(we|wi—1) q(e+1|7t) q(xr|rr_1)

.______________________________________I




Diffusion Models — Generative Process

From the third assumption, we can write the exact prior on the final step x :
p(xr) = N (x7;0,1)

For all other steps, we can write a learned distribution: | l
Exactly tractabl
Po(Xe—1lxe) = N (xe—q; ug (X, £), Ze) Xacvayriarsccea :

!

Neural Network: U-Net
Denoising network



Diffusion Models — Updated ELBO *Derivation in appendix!

logp(x) = 108[ p(xo.7)dxo.1

= IIEq(xl | x0) [log pg (xolx1)] — IEq(xT_1 | x0) [Dkr(qCxr | x7—1)| [p(xr))]
T-1

- Z [Eq(xt_l Xes1l X0) [DKL(CI(xtl xt—l) ||p9 (xtlxt+1))]

B B

This has 2 random variables for each t, this makes
the computation slightly hard. We would prefer
for there to be need for just 1!

We can arbitrarily modify the diffusion process distribution to

q(xe—1| x¢, x0)q(xe]|x0)
q(xe—1] x0)

q(xe| xe—1,%0) =



Diffusion Models — Updated ELBO *Derivation in appendix!

logp(x) = 108[ p(xo.7)dxo.1

oK

Eqxs [ x0) [DKL(CI(xt—ll X¢, X0) ||Po (xe—q |xt))]

T
= Eq(x, | xo) [108 Do (x0|x1)] — Dk (qCxr | x0)| [p(x7)) —

t=2

Reconstruction Prior matching Denoising

*  Reconstruction: Reconstruction from least noisy version (hyperparameter choice can make this arbitrarily small)
*  Prior matching: Moving the posterior closer to the true prior on the final noisy step (0 for diffusion models)

*  Denoising: Divergence between approximate denoising (pg) and true denoising (q) steps

q(x¢_1] xt, %) is tractable and can be calculated exactly without any approximation:

q(xe—q] xe,x0) = N (xe—q; i1e, Ze1)

—_ Var(1— @e_)xe + @1 (1 — ap)xo s = A-a)@—a,_4)

He 1-a, t 1-a




Diffusion Models — Loss formulation

([(.1'1,]|.I'i..l'(j) (1(J'/|.I'y+|..1'())

p(xolz1) P@ealz)  pledzen) p(xr-1|eT)

o am w

q(1|o) qir) (@l q(zr|rr-1)

Loss can focus on the denoising term. Decomposing for each timestep, we can have the tt"loss term:

Ly = DKL(CI(xt—1| Xt X0) ||pe (xt—llxt)) +C

Since both inputs of the divergence are gaussians, this further simplifies to:

1 2
Ly = Eq Z_Etlllit — e, DI [+ C



Diffusion Models — Loss formulation

Further, we have x; = \Ja;x—1) + (V1 —ay)e, € ~ N (0,I) from definition

This lets us rewrite the true mean of the denoising process as:

_ _i _(1_at)
Mt_\/a_t Xt —,—1_at€

We can also write the predicted mean as:

\/a_t - CYt
This lets us reformulate the loss to present a noise prediction problem:

1 1—a,
po(xe, t) = _<xt - (1—a)€9 (xt, t))

(1—a)?
o |28 (1 — @)

Liy=E ||€ —ee(xt,t)||zl+C



Diffusion Models — Training and Inference

Algorithm 1 Training Algorithm 2 Sampling
I repeat 1: xr ~ N(0,1)
2: %o r~ q(xo) 2 fort=T,... 1do
3' b~ 5{?(130?)“({1’ co T} 3: z~N(0,I)ift > 1,elsez=0
C e , -
5: Take gradient descent stepon  *t 4 X = ﬁ (xt - \}ﬁ €o (Xt t)) + 0z
Vo ||e — eo(xv/@exo + me,th 5: end for
6: until converged 6: return xo

How do we tell the model what timestep we are on?
Temporal encodings in the form or sinusoids (or anything, really)



Diffusion models - Summary

* Diffusion models are Markovian Hierarchical VAEs with extra restrictions
* Theloss is the vanilla VAE ELBO loss with an added denoising term

* The encoder has 0 parameters

* The true denoising posterior can be exactly calculated

*  The problem can be reformulated as a noise prediction problem

* There’s a ton of math underlying a rather simple intuition



Part 2

Normalizing Flows
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Sandcastles

How to create a sandcastle:

Step 1: Take a sandcastle
Step 2: Destroy the sandcastle
Step 3: Remember how you destroyed the sandcastle

Step 4: Reverse the process

Key Idea

Once you know how to reconstruct sandcastles,
you can start with some different “sand”, apply
this process, and end up with a different
“sandcastle”




Normalizing Flows — Motivation

* In VAEs we are faced with an intractable likelihood calculation

* We use an ELBO instead as a surrogate objective to MLE

*  What if we wanted to do MLE exactly?

*  That would require us to go from sandcastle to sand, and back, without any approximation or estimation!

—)
C——
g
We would need for all —)
It follows that
the steps we do to be 12
invertible! e -8
f




Normalizing Flows — Log likelihood

g
—
e

f

Bijection (and invertibility) allow us to directly compute the likelihood:
j Px(x)dx = j pz(g(x))dz

In multiple dimensions, _
we generalize to the px(x) = p,(g(x))

determinant of the
Jacobian

- py(g(x))ldet.J(g(x))|

dg(x)
dx

logpx(x) = logp,(g(x)) + log|det.](g(x))I

Intuitively

z = g(x) determines
where a point in x-space
maps to z-space (where
to move grains of sand)

|det. J(g(x))| describes
how much probability
mass (sand) gets moved
in a local neighborhood.



Normalizing Flows — Closer look at the Jacobian

2 = acft) = 'f"[a«)

J -

22
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Normalizing Flows — Compositions

Bijections allow for composing several functions together!

This follows that we can now define:
z ~p(z)
x=frofr_q0-0fi(2)

/W» .
9

fr

T
log py(x) = logp,(zo) + z log|det. ], (g(z:-1))

t=1

) Zr = X, Zg= Z

Inverse: z = g; 0 g, o == o gr(x)



Normalizing Flows — Characteristics

For a good (efficient) flow, we must have functions (steps) that are:
1. Expressive

2. Invertible

3. Offer cheap to compute Jacobian determinants

In linear algebra, a diagonal matrix is
a matrix (usually a square matrix) in
which the entries outside the main diagonal

Computing a determinant is a cubic operation, but some special () are all zero. The diagonal entries

cases of matrices can make it very cheap. themselves may or may not be zero. Thus, the

Especially, diagonal matrices: matrix D = (d;;) with n columns and n rows is
diagonal if:

For a diagonal matrix, the determinant is simply the product of its di;=0ifi#jVi,je{l,2,..., n}

diagonal elements. Same applies for any triangular matrix! For example, the following matrix is diagonal:

1 0 0
04 0
00 -2



Normalizing Flows — Construction

A 4

X

Affine transform:
Z; =ax;+ B

v

2




Normalizing Flows — Composition

A 4

A 4

&
&

Is there a problem here?



Normalizing Flows — Construction with a shuffle

A 4

vl e .,
a B
X2 Z3
Affine transform: }
X z Y4

Z; =ax;+ B

This the most popular type of flow called
as Coupling Flow — Used in
implementations such as NICE and GLOW



Normalizing Flows — In practice for images

*  Multiscale architecture

*  Split along channels

*  Employ CNNs

*  Perform permutations using 1x1 Conv layers

Figure 5: Linear interpolation in latent space between real images.
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Vanilla VAE ELBO
optimization derivation

logp(@) = logp(z) [ qa(zle)dz (Muteiply by 1 = [ go(z/z)d2)
The KL divergence term that shows up = fqﬂz@){logp{m)}dz (Bring evidence into integral)
tries to match the learned posterior q — Ey 2/ 02 P()] (Definition of Expectation)
to the true posterior p. r
p(m-.:-'}] .
=F,. izl |log ——— (Apply Equation 2

g4 (z|z) | - P{Zlﬂ:) PP Eq )
Since KL divergence is always positive, = Eg (2|2 |10 W] (Multiply by 1 = qe(z|x)

? L plz[)ge(z|x) ' qg(z|)

we can ignore that term and replace

plx, z) ] e (z|x) . :
. . . . —F It +E log Split the E tat
the equality with the inequality. g3(z|e) _Ug g (zlz) | 94 (z[x) [0‘.’ p(z|z) (Split the Expectation)
=Ey,(z|e) |log pl@ 2) + Dk1(ge(z|x) || p(z|x)) (Definition of KL Divergence)
L delz|z) ]
= Egy(z1z) |log —p{a:, 2) (KL Divergence always > 0)
L ge(z|)




Initial ELBO optimization
derivation for diffusion
models

Ends up with expectation calculation
over multiple random variables

log p(z) = log /p{mﬂ:T)dml:T

— log / plzo.r)a(zir|To)

dx .
q(@.7|xn)

plzoT) ]
q(@1.7|T0)

_10 plan.T) ]
rerE [T g(@ o)

=log IEQ[SL:Tlmu} |:

>E

=E

plzr) ]_[3;1 PolaE,_1|a:)
g{z1.7|T0) lﬂg T
L Ht:l ql@ilxe_1)

B T

| p(mr)pa(mo|m1)ntﬂpa(mt-qmt)]

05 T—1
g(zr|er—1) [[1=1 al@t|wi1)

= lEﬂ"[Tl:len)
_ p(@r)pe(@ola:) [T polwdaei1)
E ) log
g{@1.r|E0) T—1
gler|er—1) [J= a(xe|zi—1)

_ T—1
p(*’”ﬂﬁ&(%@l)} pola @)

Eg(z,. log =t | + By, log [] =
g{z1.v|E0) e q(zr|zr_y) a(®y.7|zn) L alxy|@,_y)

T-1
_ plaT) polxe|@est)
- IEQ"[EL:T|:‘ED] [log pe(mo|z1)] + IEG‘(ZL:ThDDJ |:]°g alxr|zr_1) + [Ell{m:leoJ |:§ log —q(l‘tlﬂ:i—l)

p(xr) ZICLTSY
= Egiayr |z [1 Egizy.pleg) |1 Egizyq|zg) |log ————
g(@1.7|z0) 108 Pa(xo|Z1)] + Eg(ey.p ) |:°g a(zr|zr_ 1}] Z ql@ .7 |za) |:0{:‘; qlae|e—1)

plar) pol@s|Ti 1)
o(=1]z0) 108 Po(To|T1)] + Eg(zr_y @p |z {C'g (@rlor_ 1)] Z q(e—1,@e et 1| Z0) [c’“ alxi|ze_1)

= Eg(z, o) log po(@o|®1)] — Eg(zy_y|eo) [Pxulg(zr|r-1) || Pl2T))]

r\ccumitru:_"t.ion term prior matching term
T-1
— Z Eg(ees.mess|wo) [Pri(@(@e @ 1) || polx;|@i))]
t=1

consistency term



1
—

" gl@yr|eg)

Modified ELBO e T pa(es 1o

. . . . . = Eggmrn|mg) |log Dois tAt=1 POITL *]
optimization derivation for R VARTE

 Bler)po(olz1) [11 pe(@: 1 |mt)}

diffusion models = Fatesrlen) | a(@1[20) [1 s ¢(@s o)

[ ptzr)pa(mm}Hr:"ﬂpg(m_nmt)}

P(ED:T)
logp(z) = [E¢(==1:T|=t=]' 08 }

=)
o]

3

= [Eq(:n!:'rlzu]l log T
; ; L al@if@o) [T—g a(@e| @1, o)
Only involves one random variable per .
. | — log pe(xr)pe(o|z1) +log po(Ty_1|T:)
expectation term! esrlen) |8 gy B Gz )
T
_ plzr)pe(xo|z1) pal®_1|x)
= Barrleo) 108 010 tlog [ 2o o e
=2 gl@e—1|z0)

=E

I T
log P(IT)Ps(mMEH) +1°gH Pe{m¢_1|=ﬂ¢) ]

(1.7 |@o) _ g(z1|zo) P gl 1| =00 ) gl T
T
plxr)pg(@g|my 5 pel@e_i|
= By(z.rlzo) 108 Jpo(@o|z1) + log i) + log l_[ M
qlerrag] q(zr|xg) e gla, _y |z, ®q)

[ plxr)pe ID|TL} po(xi_1|x:)
=E log —————7—r log —————
glzyr|eo) |08 ET|‘BD Z gl®_ 1|ﬂ’t|mUJ

P(ﬂ? ) Pﬂ(me—1|ﬂ=f}

= IEq(:M:T|=t:) [log pg(@o|x1)] + IEq{ml:TI:nn] {]Og (zr|z0) ] Z[Eq[m T|®0) |:]0f:‘; a(x:_1|z1, o)
pe(x;_1|@,)
=k 1 E 1 E log ————————
ates|=0) 108 Po(@0[1)] + Egla o) [OE mﬂmn ] 2, alq.@i1]0) [“ a(@e 1|m¢,mg)}

T

= Eq(aao) [logpo(@o|®1)] — Dxwlg(@r|@o) || p(@1)) = Y Eqtanjao) [Drrla(@e—1|2e, @o) || po(@i—1|z:))]

=2
reconstruction term prior rnal.chlnp‘ term denoising matchmg term
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