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Recap: Empirical Risk Minimization

Y = F(X; W)

 Given a training set of input-output pairs (X4,d,), (X5, d,), ..., Xr,d7)
— Divergence on the i-th instance: div(f(X;; W), d;)
— Empirical average divergence on all training data:

Loss(W) = %Z div(f(X;; W), d;)

e Estimate the parameters to minimize the empirical estimate of expected
divergence

—

W = argmin Loss(W)
w

— l.e. minimize the empirical risk over the drawn samples



Recap: Empirical Risk Minimization

Y = F(X; W)

This is an instance of
function minimization
(optimization)

|

Given a training set of input-output pairs (X4, d,), (X,, d,), ..., (*T, dr)
— Error on the i-th instance: div(f(X;; W), d;)
— Empirical average error on all training data:

Loss(W) = %Z div(f(X;; W), d;)

Estimate the parameters to minimize the empirical estimate of expected
error

—

W = argmin Loss(W)
w

— l.e. minimize the empirical error over the drawn samples 3



A quick intro to
function optimization

with an initial discussion of
derivatives




A brief note on derivatives..

derivative

* A derivative of a function at any point tells us how
much a minute increment to the argument of the
function will inecrement the value of the function

= Foranyy = f(x), expressed as a multiplier a to a tiny
increment Ax to obtainithe increments Ay to the output
Ay = alx
» Based on the fact that at a fine enough resolution, any
smooth, continuous function is locally linear at any point



Scalar function of scalar argument

* When x and y are scalar

y = f(x)
= Derivative:
Ay = alx

: : . d
= Often represented (using somewhat inaccurate notation) as d—i’

= Or alternately (and more reasonably) as f'(x)



Scalar function of scalar argument

Derivative f'(x) is the rate of change of the function at x
= How fast it increases with increasing x

= The magnitude of f’(x) gives you the steepness of the curve at x
. Larger |f’'(x)| = the function is increasing or decreasing more rapidly

It will be positive where a small increase in x results in an increase of f(x)
=  Regions of positive slope

It will be negative where a small increase in x results in a decrease of f(x)

=  Regions of negative slope

It will be 0 where the function is locally flat (neither increasing nor decreasing)



Multivariate scalar function:
Scalar function gf vector argument

y=fX

X1
Xisnowavector:x=1[: |
XD

Ay = aAXx
e Givingusthataisarowvector:a =[@1 -+ Qap]
Ay = a;Axq + a,Ax, + -+ apAxp
* The partial derivative a; gives us how y increments when only x; is

incremented
 Oftenrepresented as %
dy @ 9
Ay _yAxl +—yAx2++—yAxD

- d0x4 dx, dxp



Multivariate scalar function:
Scalar function of vector argument

Note: AX is now a vector

” Axq
AL Ry ' 7 -
\ \\‘\ \: \\é““““::‘ 5. % % /i fl/,”.ﬂ' A — 8
RS Stz X =
N ""f,’_’ll_fﬂ 7 . {

_AxD_

)g\ We will be using this
symbol for vector and

ay 1| matrix derivatives

8_361 oy

o You may be more familiar with the term “gradient” which
is actually defined as the transpose of the derivative



Gradient of a scalar function of a vector

* The derivative Vyf (X) of a scalar function f (X) of a multi-variate input X is a
multiplicative factor that gives us the change in f (X) for tiny variations in X
df (X) = Vxf(X)dX

IO RCT C o N V¢’
- VXf(X) N [ dxq dxo 0xp

* The gradient is the transpose of the derivative Vy f(X)"
— A column vector of the same dimensionality as X
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Gradient of a scalar function of a vector
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* The derivative Vyf (X) of a scalar function f (X) of a multi-variate input X is a
multiplicative factor that gives u ange in f(X) for tiny variations in X
df (X) = Vxf(X)dX

af (X)
0xp

_[orx)  af(Xx)
- WO =[5 S

— ccxrnNT

This is a vector inner product. To understand its behavior lets
consider a well-known property of inner products




A well-known vector property
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u’v = |ul|v]| cos 8
* The inner product between two vectors of
fixed lengths is maximum when the two
vectors are aligned

—i.e.whenf9 =0
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Properties of Gradient

Vy f(X)dX vs angle of dX
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* df(X) = Vxf(X)dX
* For anincrement dX of any given length df(X) is max if
dX is aligned with Vy f(X)T

— The function f(X) increases most rapidly if the input increment
dX is exactly in the direction of Vy f(X)T

* The gradient is the direction of fastest increase in f(X) 13




Gradient
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Gradient
- vector Uy f(X)T
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Gradient
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Gradient

- . vector Vi f(X)T
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R ".-; Q’ :_L = Moving in this
~ S : - direction increases
f(X) fastest
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Gradient

a
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Gradient
-~ vector Uy f(X)T

Moving in this
direction increases

Moving in this f(X) fastest

direction decreases
f(X) fastest

| 20
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Properties of Gradient: 2

* The gradient vector Vy f(X)T is perpendicular to the level curve
18



The Hessian

* The Hessian of a function f (x4, X5, ..., Xy,) is
given by the second derivative

o’ f o’ f o’ f

ox,”  Ox,0x, - Ox0x,

o’ f o’ f o’ f

V2 (X0 x.) = ox,0x,  Ox,’ C Ox,0x,

o’ f o’ f o’ f
| Ox,0x;  OX,0x, o ox ° |




Poll 1

Select all that are true about derivatives of a scalar function f(X) of
multivariate inputs

— At any location X, there may be many directions in which we can step, such
that f(X) increases

— The direction of the gradient is the direction in which the function increases
fastest

— The gradient is the derivative of f(X) w.r.t. X

y = f(x) is a scalar function of an Nx1 column vector variable x. What is the
shape of the derivative of y with respect to x

— Scalar

— Nx1 column vector

— 1 x N row vector

— There is insufficient information to decide



Poll 1

Select all that are true about derivatives of a scalar function f(X) of
multivariate inputs

— At any location X, there may be many directions in which we can step, such
that f(X) increases

— The direction of the gradient is the direction in which the function increases
fastest

— The gradient is the derivative of f(X) w.r.t. X

y = f(x) is a scalar function of an Nx1 column vector variable x. What is the
shape of the derivative of y with respect to x

— Scalar

— Nx1 column vector

— 1 x N row vector

— There is insufficient information to decide
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The problem of optimization

global maximum

inflection point

oA
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I |
 General problem of
optimization: Given a function
f(x) of some variable x ...

Find the value of x where f(x)
IS minimum
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Finding the minimum of a function

X

* Find the value x at which f'(x) =0
— Solve

df@ _ .
dx
* The solution is a “turning point”

— Derivatives go from positive to negative or vice versa at this point
* Butisita minimum?

23



Poll 2

Which of the following criteria would be true
(choose one) about the minimum of a function f(x)

1. The derivative f’(x) =0 at the minimum. This is
the only condition to be satisfied

2. f’(x) =0 and the second derivative f”(x) is
negative

3. f’(x) =0 and the second derivative f”(x) is
positive



Poll 2

Which of the following would be true (choose one)
about the minimum of a function f(x)

1. The derivative f’(x) =0 at the minimum. This is
the only condition to be satisfied

2. f’(x) =0 and the second derivative f”(x) is
negative

3. f’(x) =0 and the second derivative f”(x) is
positive



Turning Points

e Both maxima and minima have zero derivative

* Both are turning points
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Derivatives of a curve

ool
Sf(x)
\\

v

N X

* Both maxima and minima are turning points

e Both maxima and minima have zero derivative
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Derivative of the derivative of the

curve
S0 o

N /.
O

* Bot
* Bot

N maxima and minima are turning points

N maxima and minima have zero derivative

 The second derivative f”’(x) is —ve at maxima and
+ve at minimal

28



Solution: Finding the minimum or
. maximum of a function

X
Find the value x at which f'(x) =0: Solve

dfe _ .
dx
The solution x,,;,, is a turning point

Check the double derivative at x,;,, : compute

df,(xsoln)
dx

f”(xsoln) —

If "' (X5017) is pOSitive Xg,, is @ Minimum

— If itis negative, itisa maximum



A note on derivatives of functions of
single variable

2 T T .
it \ i All locations with zero
Inflection point X . . . .
fx) of— derivative are critical points
M / /, : g minimam _ — These can be local maxima, local
C 1. anl_/,pcf?;‘:;s 2000 3000 4000 5000 6000 mlnlma’ or |nf|ect|0n pOIntS
ritical poi
df(x) | 1 * The second derivative is
dx — Positive (or 0) at minima
b .
) | ! | | | | — Negative (or 0) at maxima
_ 0 1000 2000 3000 4000 5000 6000 . . .
— Zero at inflection points

Derivative is O
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A note on derivatives of functions of
single variable

maximum

~_

Inflection point

f(x) o &
_1 _ \
minimum
_2 1 1 1 1 1 1
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2
1
af (x)
0
dx
_1 -
72 1 1 1 1 1 1
1000 2000 3000 4000 5000 6000
4 .
positive

zero

Wi

negative

10

D0 2000 300

D

4000 5000

6000

All locations with zero
derivative are critical points

— These can be local maxima, local
minima, or inflection points

The second derivative is
— > 0 at minima
— < 0 at maxima

— Zero at inflection points

It’s a little more complicated for
functions of multiple variables..
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What about functions of multiple
variables?

 The optimum point is still “turning” point

— Shifting in any direction will increase the value

— For smooth functions, at the minimum/maximum, the gradient
isO

e Really tiny shifts will not change the function value
32



Finding the minimum of a scalar
function of a multivariate input

 The optimum point is a turning point — the
gradient will be O

* Find the location where the gradient is O

33



Unconstrained Minimization of
function (Multivariate)

1. Solve for the X where the derivative (or gradient)
equals to zero

Vi (X)=0

2. Compute the Hessian Matrix V# f(X) at the candidate
solution and verify that
— Hessian is positive definite (eigenvalues positive) -> to
identify local minima

— Hessian is negative definite (eigenvalues negative) -> to
identify local maxima



Unconstrained Minimization of
function (Example)
* Minimize
S (x,x,,x5) :(xl)z +x1(1_x2)+(x2)2 — Xy X3 +(x3)2 T X5

e Gradient

2x, +1-x,
V. f =|-x+2x, —x,

— X, +2x; +1



Unconstrained Minimization of
function (Example)

e Set the gradient to null

2x, +1-x, 0
V,f=0=>|-x+2x,—x; |=|0
-x,+2x;+1 | [0

* Solving the 3 equations system with 3 unknowns

X —1

x= x, |=| -1




Unconstrained Minimization of
function (Example)

Compute the Hessian matrix v2 r=|-1 2 -1

2 -1 0

0O -1 2

Evaluate the eigenvalues of the Hessian matrix
A =3.414, 1,=0.586, 1,=2
All the eigenvalues are positives => the Hessian

matrix is positive definite

The point x=

IS a mMinimum



Closed Form Solutions are not always
1 available

f(X)

> X

 Often it is not possible to simply solve V7, f (X) = 0

— The function to minimize/maximize may have an
intractable form

* In these situations, iterative solutions are used

— Begin with a “guess” for the optimal X and refine it
iteratively until the correct value is obtained



Iterative solutions

16

£(X)

Xg X% xﬂ X3
4

* |terative solutions
— Start from an initial guess X for the optimal X
— Update the guess towards a (hopefully) “better” value of f(X)
— Stop when f(X) no longer decreases
* Problems:
— Which direction to step in
— How big must the steps be

39



The Approach of Gradient Descent

E

NEGATIVE SLOPE
: POSITIVE SLOPE

GLOBAL M
BTN IBALIR !
..._.‘. ‘—

* |terative solution:
— Start at some point
— Find direction in which to shift this point to decrease error

* This can be found from the derivative of the function
— A negative derivative = moving right decreases error
— A positive derivative = moving left decreases error

— Shift point in this direction

40



The Approach of Gradient Descent

E

NEGATIVE SLOPE
: POSITIVE SLOPE

: GLOBAL

L RN

* |terative solution: Trivial algorithm

= |nitialize x°

= While f'(x*) # 0

* If sign (f’(xk)) is positive:

k+1 _ ..k

b x" — step

e Else

xR+l = xk + step

41



The Approach of Gradient Descent

NEGATIVE SLOPE
: POSITIVE SLOPE

. @LOBAL ¥
RN |

* |terative solution: Trivial algorithm
= |nitialize x°
= While f'(x*) # 0
X4 = ok — sign (f(xX)). step

* |dentical to previous algorithm

42



The Approach of Gradient Descent

E

NEGATIVE SLOPE
: POSITIVE SLOPE

i
. eLOBAL Y
RN

u—* 4—
Decrease w Increase w

* |terative solution: Trivial algorithm

= |nitialize x©

= While f'(x*) # 0
Kkt — k _ nkfl(xk)

» n¥isthe “step size”

43



Poll 3: Multivariate functions

e Select all that are true about derivatives of a
scalar function f(X) of multivariate inputs

— At any location X, there may be many directions in
which we can step, such that f(X) increases

— The direction of the gradient is the direction in
which the function increases fastest

— The gradient is the derivative of f(X) w.r.t. X



Poll 3: Multivariate functions

e Select all that are true about derivatives of a
scalar function f(X) of multivariate inputs

— At any location X, there may be many directions
in which we can step, such that f(X) increases

— The direction of the gradient is the direction in
which the function increases fastest

— The gradient is the derivative of f(X) w.r.t. X
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Gradients of multivariate functions

sot®

Gradient

. vector Vy f(X)T

Moving in this
direction decreases
f(X) fastest

Moving in this
direction increases
f(X) fastest

46




Gradient descent/ascent (multivariate)

* The gradient descent/ascent method to find the
minimum or maximum of a function f iteratively

— To find a maximum move in the direction of the
gradient

T
xR+ — ok 4 ﬂkaf(xk)
— To find a minimum move exactly opposite the
direction of the gradient

kL — ok nkvxf(xk)T

 Many solutions to choosing step size n*

47



Gradient descent convergence criteria

* The gradient descent algorithm converges
when one of the following criteria is satisfied

VCAREY e R

* Or

vxf(xk )H <&,

f(x)

>

Starting

/ Point

Iteration 3

Iteration 4

Convergence

Value 48



Overall Gradient Descent Algorithm

* |nitialize:
. x0
" k=0
* do
o kHl — ok _ nkvxf(xk)T
s k=k+1
ol while [f(x**1) — f(x*)| > &

49




Convergence of Gradient Descent

* For appropriate step
size, for convex (bowl-
shaped) functions
gradient descent will
always find the
minimum.

* For non-convex
functions it will find a
local minimum or an
inflection point

50



Poll 4

* vy =1f(x)is ascalar function of an Nx1 column vector variable
X. Starting from x = x,, in which direction must we move in
the space of x, to achieve the maximum decrease in f()?

— Exactly in the direction of the gradient of f(x) at x,
— Exactly perpendicular to the direction of the gradient of f(x) at x,
— Exactly opposite to the direction of the gradient of f(x) at x,

— Exactly perpendicular to the direction of the gradient of f(x) at
Xo-



Poll 4

* vy =1f(x)is ascalar function of an Nx1 column vector variable
X. Starting from x = x,, in which direction must we move in
the space of x, to achieve the maximum decrease in f()?

— Exactly in the direction of the gradient of f(x) at x,
— Exactly perpendicular to the direction of the gradient of f(x) at x,
— Exactly opposite to the direction of the gradient of f(x) at x,

— Exactly perpendicular to the direction of the gradient of f(x) at
Xo-



* Returning to our problem from our detour..



Problem Statement

* Given a training set of input-output pairs
(X1; dl)i (X2; dZ)i L’ (XT; dT)

* Minimize the following function

Loss(W) = %2 div(f(X; W), d;)
w.r.t. W

* This is problem of function minimization

— An instance of optimization



Gradient Descent to train a network

e |nitialize:
—w?o
—k=0
do
—WHEtL = Wk —n*VLoss(W*) T
—k=k+1
while ‘LOSS(WR) — Loss(Wk‘l)‘ > €




Preliminaries

* Before we proceed: the problem setup



Problem Setup: Things to define

* Given a training set of input-output pairs
(X1; dl)l (Xz, dZ)J L’ (XTJ dT)

* Minimize the following function

Loss(W) = %2 div(f(X; W), d;)

w.r.t W

57




Problem Setup: Things to define

* Given a training set of input-output pairs
(X1; dl)l (Xz, dZ)l L’ (XT' dT)
- \/’

» | What are these input-output pairs?

Loss(W) = %2 div(f(X; W), d;)

58




Problem Setup: Things to define

* Given a training set of input-output pairs
(X1; dl)l (Xz, dZ)l L’ (XT' dT)
- \/’

» | What are these input-output pairs?

1
Loss(W) = —z div(f(X; W), d;)

What is f() and
what are its

parameters W?




Problem Setup: Things to define

Given a training set of input-output pairs
(X1; dl)l (Xz, dZ)l L’ (XT' dT)
- \/’

What are these input-output pairs?

1
Lowdw(ﬂxi; W),d;)
What is f() and

What is the

parameters W?




Problem Setup: Things to define

* Given a training set of input-output pairs
(X1; dl)l (Xz, dZ)l L’ (XT' dT)

* Minimize the following function

1
Loss(W) = —2 div(f(X; W), d;)

What is f() and
what are its

parameters W?
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What is f()? Typical network

Input

. Hidden units
units gy Output
S——~ NS % units
— Z T 3 ., j‘fﬂ
e

* Multi-layer perceptron

* Adirected network with a set of inputs and
outputs

— No loops

62



Typical network

Input :
P Hidden Layers

Layer N Output
= 0T o= Layer
- A
. i :
f_-:'?_z“':--:—_ B ./__,__ — = '..-: g

” o,

 We assume a “layered” network for simplicity

— Each “layer” of neurons only gets inputs from the earlier layer(s)
and outputs signals only to later layer(s)

— We will refer to the inputs as the input layer
* No neurons here — the “layer” simply refers to inputs

— We refer to the outputs as the output layer
— Intermediate layers are “hidden” layers .



ndividual neurons

The

* Individual neurons operate on a set of inputs and produce a single
output

— Standard setup: A continuous activation function applied to an affine
function of the inputs

y=f Z w;x; +b
i
— More generally: any differentiable function
y — f(xlerI vy XN W) 64



—_— — {_\—_
— '____;_:.;;;:;ff e e
\3« = ;I; R S e output layer
5 b
= SV
2 Rts .
B
: : 2K
: X S {;
s = ':-i‘ <1 o _sq,\.“
SR N TR c
- ()

The individual neurons

Individual neurons operate on a set of inputs and produce a single

output

— Standard setup: A continuous activation function applied to an affine

function of the inputs

y=f<Zwixi+b> -

— More generally: any differentiable function
y — f(xlerI "'rxN; W)

We will assume this
unless otherwise
specified

Parameters are weights

w; and bias b

65




Activations and their derivatives

O e F@) = - f2)
L f@=tanh@) Fi(2) = (- f2(2)
|
) >0 o / . 1,z=0
=4 f(2) = {g 2 <0 1 f@ = {O,z <0
f(z) =log(1 + exp(z)) f'@) = 1+ exp(—2)

 Some popular activation functions and their
derivatives 66



Vector Activations

Input Hidden Layers
Layer - Output

e
%%"‘L .

 We can also have neurons that have multiple coupled
outputs

[yl; Y2, '"!yl] — f(xl;xz; ey X W)

— Function f () operates on set of inputs to produce set of
outputs

— Modifying a single parameter in W will affect all outputs &



Vector activation example: Softmax

X O 3 &+ o uw

e

 Example: Softmax vector activation

Zi = z W]lX] + bi
J

y:

Parameters are
weighTS Wji
and bias b;

exp(z;)

% exp(z;)

68




Multiplicative combination: Can be
viewed as a case of vector activations

X z y
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Parameters are
weighTS Wiji
and bias b;

* Alayer of multiplicative combination is a special case of vector activatiorg9




Typical network

Hidden Layers

.

* In alayered network, each layer of
perceptrons can be viewed as a single vector
activation
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Notation

(1) 2 3
A y( ) __ 1( )

The input layer is the 0t layer

We will represent the output of the i-th perceptron of the kt" layer as y.(k)

— Input to network: y.(o)

i =X

(V)

i

— Output of network: y; =

We will represent the weight of the connection between the i-th unit of

the k-1th layer and the jth unit of the k-th layer as Wl-(;()

— The bias to the jth unit of the k-th layer is bj(k)

71



Problem Setup: Things to define

* Given a training set of input-output pairs
(X1; dl)l (Xz, dZ)l L’ (XT' dT)

* Minimize the following function

1
Loss(W) = —z div(f(X; W), d;)
T \

What is f() and
what are its

parameters W?

72




Problem Setup: Things to define

* Given a training set of input-output pairs
(X1; dl)l (Xz, dZ)l L’ (XT' dT)
- \/’

» | What are these input-output pairs?

Loss(W) = %2 div(f(X; W), d;)
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Input, target output, and actual output:
Vector notation

output layer

V1

i
L
. ) I

YL

 Given a training set of input-output pairs (Xy,dq), (X3, d,), ..., X7,d7)
e X, = [Xn1,Xn2, -, Xnp] ' is the nth input vector
e d, =[dy,dny, ..., dy]" is the nth desired output
o Y, = [V, Yn2s - Ynr]" is the nth vector of actual outputs of the network
— Function of input X,, and network parameters
 We will sometimes drop the first subscript when referring to a specific
instance

74




Representing the input

Input .
P Hidden Layers
Layer N Output
S 0 =% 0 =% Layer
- 5
R iy
____—"-r: = “'“-:.;-:f:'x o __}r_-;;-gf
S

Vectors of numbers

(or may even be just a scalar, if input layer is of size 1)
E.g. vector of pixel values
E.g. vector of speech features

E.g. real-valued vector representing text
* We will see how this happens later in the course

Other real valued vectors
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Representing the output

Input :
P Hidden Layers
Layer - . Output
= o = == Layer
_ ::
input | % : x
il _—""';.1 — ‘_;_-‘_"s-:_\_\ H’/:-'"f
py

* If the desired output is real-valued, no special tricks are necessary
— Scalar Output : single output neuron
 d=scalar (real value)

— Vector Output : as many output neurons as the dimension of the
desired output
 d=[d;d,..d] (vector of real values)

76



input layer

Representing the output

* |f the desired output is binary (is this a cat or not), use
a simple 1/0 representation of the desired output

— 1 =Yes, it’s a cat
— 0 =No, it’s not a cat.

77



input layer

Representing the output

o(z) =

1+e72

* |f the desired output is binary (is this a cat or not), use
a simple 1/0 representation of the desired output

e Qutput activation: Typically, a sigmoid
— Viewed as the probability P(Y = 1|X) of class value 1

* Indicating the fact that for actual data, in general a feature value X

may occur for both classes, but with different probabilities

e |s differentiable ¢



input layer {

Representing the output

hidden layers

S ®
\“
5
QAL
SN
@9

N

Input Hidden Output
layer layer layer

If the desired output is binary (is this a cat or not), use a simple 1/0 representation of the desired
output

— 1=Yesit'sacat

— 0=Noit’snot a cat.

Sometimes represented by two outputs, one representing the desired output, the other
representing the negation of the desired output

— Yes: 2 [10]

— No:—>[01]
The output explicitly becomes a 2-output softmax
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Multi-class output: One-hot
representations

Consider a network that must distinguish if an input is a cat, a dog, a camel, a hat,
or a flower

We can represent this set as the following vector, with the classes arranged in a
chosen order:

[cat dog camel hat flower]"
For inputs of each of the five classes the desired output is:
cat: [10000]T
dog: [01000]T
camel: [00100]T
hat: [00010]"
flower: [00001]T

For an input of any class, we will have a five-dimensional vector output with four
zeros and a single 1 at the position of that class

This is a one hot vector



Multi-class networks

Input _
L g Hidden Layers
ayer ) e Output
== ST == Layer
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__ .

For a multi-class classifier with N classes, the one-hot
representation will have N binary target outputs

— The desired output d is an N-dimensional binary vector

The neural network’s actual output too must ideally be binary (N-1
zeros and a single 1 in the right place)
More realistically, it will be a probability vector

— N probability values that sum to 1.
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Multi-class classification: Output

Input :
L P Hidden Layers
ayer e _F5 OUtpUt
S \\: . SN ’ Layer
iy Tk fIr—
- t
"E?%*a_ — .» {’;

e Softmax vector activation is often used at the output of multi-class
classifier nets

* This can be viewed as the probability y; = P(class = i|X)



Inputs and outputs:
Typical Problem Statement

SO/

 We are given a number of “training” data instances

* E.g.images of digits, along with information about
which digit the image represents

e Tasks:
— Binary recognition: |Is thisa “2” or not

— Multi-class recognition: Which digit is this?
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Typical Problem statement:
binary classification

Training data

(5,0) (2,1)
(2,1) (4,0~
(0,0) (2, 1)] e

pixel values

* Given, many positive and negative examples (training data),
— learn all weights such that the network does the desired job
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Typical Problem statement:
multiclass classification

Training data

(3,5) (Z,2)
(&, 2) (H,4)
(0,0) (2,2)

Input :
P Hidden Layers
Layer ~ Output
=i == oy
: ¥ . 7 5 j " f —
x?:—"'-' /_"_ff—- g :—f:; =
z N

Input: vector of
pixel values

Output: Class prob

e Given, many positive and negative examples (training data),

— learn all weights such that the network does the desired job

85



Problem Setup: Things to define

* Given a training set of input-output pairs
(X1; dl)l (Xz, dZ)l L’ (XT' dT)

* Minimize the following function

LOSS(W)%ZWUU(XU w),d;)

What is the
divergence div()?
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Problem Setup: Things to define

* Given a training set of input-output pairs
(X1; dl)l (Xz, dZ)l L’ (XT; dT)

* Minimize the following function

LOSS(W)%ZWUU(XU w),d;)

What is the
divergence div()?

Note: For Loss(W) to be differentiable
w.r.t W, div() must be differentiable




Examples of divergence functions

= O g d1dzd3 d4

.

N
.
e

% L, Div() |— Div

. J

* For real-valued output vectors, the (scaled) L, divergence is popular

. 1 , 1 2
Div(Y,d) = EllY—dII =EZ(yi_di)
i

— Squared Euclidean distance between true and desired output
— Note: this is differentiable

dDiv (Y, d)
= (i — dy)
dyl yl l

VyDiv(Y,d) = [y; —dy,y, — dy, ... ]
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For binary classifier

Div

For binary classifier with scalar output, Y € (0,1), dis 0/1, the Kullback Leibler (KL)
divergence between the probability distribution [Y, 1 — Y] and the ideal output
probability [d, 1 — d] is popular
Div(Y,d) = —dlogY — (1 — d)log(1 —Y)
— Minimumwhend =Y

Derivative

1 .
CMWWJ)_<_?lfd=1
awv

ifd=0
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1 .
dKLDiv(Y,d) |~y Y d=1
ay ] 1

T 71 KL vs L2

L2
KL|

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 -0.2 0 0.2 04 0.6 0.8 1 1.2
Yy Yy

L2(Y,d) = (y—d)?>  KL(Y,d) = —dlogY — (1 — d)log(1 - Y)

* Both KL and L2 have a minimum when y is the target value of d
* KL rises much more steeply away from d

— Encouraging faster convergence of gradient descent

* The derivative of KL is not equal to 0 at the minimum

— ItisOfor L2, though
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For binary classifier

d

output layer
y .
Div

For binary classifier with scalar output, Y € (0,1), dis 0/1, the Kullback Leibler (KL)
divergence between the probability distribution [Y, 1 — Y] and the ideal output

probability [d, 1 — d] is popular

Div(Y,d) = —dlogY — (1 — d)log(1 —Y)

— Minimumwhend =Y

Derivative

dDiv(Y,d)
dy B

Note: wheny = d the
( derivative is not 0

Even though div() =0

(minimum) wheny =d
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For multi-class classification

o g d,d,d,d,

KL Div() Div

.

Desired output d is a one hot vector [0 0...1 ...0 0 0 ] with the 1 in the c-th position (for class ¢)
Actual output will be probability distribution [y, y,, ... ]
The KL divergence between the desired one-hot output and actual output:

d:

Div(Y,d) = E dilogy—l= E d;logd; — E d;logy; = —logy,
. i . .
l l l

Derivative . )
The slope is negative

. 1
dDiv(Y,d) )—— for the c — th component W.r.t. ye
av, | e o
0 for remaining component . ) )
Indicates increasing y,
V,Div(Y,d) = [0 0 .21 o 0] will reduce divergence
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For multi-class classification

O d,d, d3 d,

/)
ik
-
E o

KL Div() Div

.

* Desired output d is a one hot vector [0 0...1 ...0 0 0 ] with the 1 in the c-th position (for class c)
*  Actual output will be probability distribution [y4, y5, ... ]
« The KL divergence between the desired one-hot output and actual output:

Div(Y,d) = 2 d;logd; — 2 dilogy; =0 —logy. = —logy,
i i

The slope is negative

Note: wheny = d the

derivative is not 0 _ 1 W.r.t. ye
aDiv(Y,d) |- " for the ¢ — th component
dy; ¢ . : : ,
Even though div() =0 0 for remaining component In.cljllca’;es /n(c;easmg Ye
S — _ WIIl requce divergence
= 1
(minimum) when y = d v, Div(Y,d) = [0 0.—..0 0] .
c



KL divergence vs cross entropy

KL divergence between d and y:

KL(Y,d) = Z d;logd; — z d; logy,
[ [

Cross-entropy between d and y:

Xent(Y,d) = — z d; log y;
i

When the desired target d; is one-hot, };; d; logd; = 0
— KL and cross-entropy are identical

— Xent(Y,d) = —log y;

— Minimizing cross-entropy simply maximizes the probability of the target class

We will continue discussing in terms of KL, but the discussion applies
directly to Cross-entropy as well



KL divergence vs cross entropy

KL divergence between d and y:

KL(Y,d) = z d;logd; — z d; logy;
i i

Cross-entropy between d and y:

Xent(Y,d) = —Z d; log y;
i

More generally, the cross entropy is merely the KL - entropy of d
Xent(Y,d) = KL(Y,d) — Z d;logd; = KL(Y,d) — H(d)
i

The W that minimizes cross-entropy will minimize the KL divergence

— since d is the desired output and does not depend on the network, H(d) does not depend on
the net

— Infact, for one-hot d, H(d) = 0 (and KL = Xent)
We will generally minimize to the cross-entropy loss rather than the KL divergence

— The Xent is not a divergence, and although it attains its minimum when y = d, its minimum
value is not 0



“Label smoothing”

d,d,d;d,

o
e
! )
. )

KL Div() |—> Div

. J

o =
e = <
e = T, il —
T —— R o S e -

It is sometimes useful to set the target outputto [€ €...(1 — (K — 1)€) ...€ € €]
with the value 1 — (K — 1)e in the c-th position (for class c¢) and € elsewhere for

some small €
“Label smoothing” -- aids gradient descent

The KL divergence remains:

Div(Y,d) = z d;logd; — z d;logy;
i i

Derivative
(11— (K- 1e
dDiv(Y,d) - > for the c — th component
dy; = ec
' — — for remaining components
\ Yi 96




“Label smoothing”

d,d,d,d,

KL Div() |—> Div

. J

It is sometimes useful to set the target outputto [€ €...(1 — (K — 1)€) ...€ € €]
with the value 1 — (K — 1)e in the c-th position (for class c¢) and € elsewhere for

some small €

“Label smoothing” -- aids gradient descent . . .
Negative derivatives

The KL divergence remains: encourage increasing
| the probabilities of
Div(Y,d) = z d;logd; — Z d;108Y: _ gl classes, including
i i incorrect classes!
(Seems wrong, ho?)

Derivative

([ 1—-(K—1)e
dDiv(Y, d) - Y,
av, ) 3

L —— for remaining components
L Yi 7

the c — th component




The derivative of the KL divergence

KL (y,d)

d
desired output

(one hot) T T T T T y = softmax(z)
Softmax |

 The softmax is computed on affine values z to obtain output
probabilities y

* The derivative of the KL divergence between the actual output y
and target output is as given earlier

 However, the derivative of the KL divergence w.r.t. the affine value z
at the input of the softmax is just the error

KLy, d)=(y—-d)'
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A note on derivatives

2 3 4

y = softmax(z)

0

T

Note: For both regression models with linear output layer
and L2 divergence, and classification models with softmax
output layer and KL divergence the gradient w.r.t. the final

affine value of the network is just the error

1
V25 ly—d||* = -d)T
KLy, d)=(y—d)’
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Problem Setup: Things to define

* Given a training set of input-output pairs
(X1; dl)l (Xz, dZ)J L’ (XTJ dT)

* Minimize the following function

Loss(W) = %2 div(f(X; W), d;)

ALL TERMS HAVE BEEN DEFINED
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Poll 5

Select all that are correct

— The gradient of the loss will always be 0 or close
to 0 at a minimum

— The gradient of the loss may be 0 or close to O at a
minimum

— The gradient of the loss may have large magnitude
at a minimum

— If the gradient is not 0 at a minimum, it must be a
local minimum



Poll 5

Select all that are correct

— The gradient of the loss will always be 0 or close
to 0 at a minimum

— The gradient of the loss may be 0 or close to 0 at
a minimum

— The gradient of the loss may have large
maghnitude at a minimum

— If the gradient is not 0 at a minimum, it must be a
local minimum
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Story so far

Neural nets are universal approximators

Neural networks are trained to approximate functions by adjusting their
parameters to minimize the average divergence between their actual output and
the desired output at a set of “training instances”

— Input-output samples from the function to be learned

— The average divergence is the “Loss” to be minimized

To train them, several terms must be defined

— The network itself
— The manner in which inputs are represented as numbers
— The manner in which outputs are represented as numbers

* As numeric vectors for real predictions
* As one-hot vectors for classification functions

— The divergence function that computes the error between actual and desired outputs

* L2 divergence for real-valued predictions
* KL divergence for classifiers




Next Class

* Backpropagation



