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Sequence-to-sequence modelling

* Problem:

— Asequence X; ... Xy goes in

— Adifferent sequenceY; ...Y;; comes out
* E.g.

— Speech recognition: Speech goes in, a word sequence comes out
* Alternately output may be phoneme or character sequence

— Machine translation: Word sequence goes in, word sequence comes
out

— Dialog : User statement goes in, system response comes out
— Question answering : Question comes in, answer goes out

* Ingeneral N # M

— No synchrony between X and Y.



Sequence to sequence

I ate an apple - Ich habe einen apfel gegessen

* Sequence goes in, sequence comes out

* No notion of “time synchrony” between input and output
— May even not even maintain order of symbols

 E.g. “late an apple” = “Ich habe einen apfel gegessen”

— Or even seem related to the input

* E.g. “My screen is blank” = “Please check if your computer is plugged in.”



Sequence to sequence

I ate an apple - Ich habe einen apfel gegessen

* Sequence goes in, sequence comes out

* No notion of “time synchrony” between input and output
— May even not even maintain order of symbols

 E.g. “late an apple” = “Ich habe einen apfel gegessen”

— Or even seem related to the input

* E.g. “My screen is blank” = “Can you check if your computer is plugged in?”



Case 1: Order-aligned but not time
synchronous

Y(t)
.. il
. > . . > . . > . > .

Time

 The input and output sequences happen in the same
order

— Although they may not be time synchronous, they can be
“aligned” against one another

— E.g. Speech recognition

* The input speech can be aligned to the phoneme sequence output
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Problems

* How do we perform inference on such a
model

— How to output time-asynchronous sequences

e How do we train such models
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Problems

* How do we perform inference on such a
model

— How to output time-asynchronous sequences

* How do we train such models




Recap: Training with alignment

* Given the order-aligned output sequence with
timing

/B/ /1Y/ /F/ /1Y/
Y Yy Ye Yy
1 | 1 1
> |- -
T T T T 4 T T
AR PANPANPARPARPARPARPARPARNPAS
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/1Y/ //F/ {/ Y/

Y, Y, Y, Y,
1 1 1
| T
X | | X | X! | X| [ X! [ x| | X | [ X ]| | Xs| | %o

e Given the order aligned output sequence with timing

— Convert it to a time-synchronous alignment by repeating symbols

* Compute the divergence from the time-aligned sequence

DIV = Z KL(Y;, symbol,) =

— Z log Y(t, symbol,)
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/B/ /\Y/ /F/
£ B K3 oA Ea o

Y, Ye £
IR I R I I
(e il

Xo | | X | [ %] | X| [ x| | X! (X! [ %] | Xs| | X%

DIV = Z KL(Y;, symbol,) = — z log Y (t, symbol,)
t t

* The gradient w.r.t the t-th output vector Y;

—1
DIV =
VDIV [O 0 Y(t, symbol,) 0 O]

— Zeros except at the component corresponding to the target aligned to that
time



Problem: Alighment not provided
/B /YY) [/ 1Y/
2 2?2 2?2 2?2 ? 2?2

v, | Il |l lnl Iul |l ||| %] %

Xo | 1 X 1% | [ x| (x| 1% | X | 1% | [ X! | X

* Only the sequence of output symbols is
provided for the training data

— But no timing information



Solution 1: Guess the alignment

/8 [B) NI IR TR AN ISy TN
[ A A N A 1

Train model with Decode to obtain

given alignments alignments

Initialize
alignments
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Poll 1

Viterbi training explicitly estimates the alignment of each training instance
and computes the divergence for the estimated alignment (T/F)

e True
e False

Viterbi training requires reestimation of alignments in every iteration (T/F)

e True
e False



Poll 1

Viterbi training explicitly estimates the alignment of each training instance and computes the
divergence for the estimated alignment (T/F)

e True
e False

Viterbi training requires reestimation of alignments in every iteration (T/F)

e True
e False



Iterative update: Problem

* Approach heavily dependent on initial
alignment

* Prone to poor local optima

e Alternate solution: Do not commit to an
alignment during any pass..



Recap: Training without alighment

* We know how to train if the alignment is
provided

* Problem: Alignment is not provided

e Solution:

1. Guess the alignment
< 2. Consider all possible alignments >
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/B/
/IY/
/F/
/IY/

/AH/
/B/
/D/
/EH/
/1Y/
/F/
/G/

Recap: The “aligned” table

B B B B B B B B B
Yo Y1 Y2 Y3 Y4 Vs Yo Y7 Vs
1Y 1Y 1Y 1Y 1Y 1Y 1Y 1Y 1Y
Yo Y1 Y2 Y3 Ya Vs Ye Y7 Vs
F F F F F F F F F
Yo Y1 Y2 Y3 Y4 Vs Ve Y7 Vs
1Y 1Y 1Y 1Y 1Y 1Y 1Y 1Y 1Y
Yo Y1 ) Y3 Y4 Vs Ve Y7 Vs
v§H yiH ysH y5t yitH y&H y&H yaH v§H
v§ yi vy v5 Vi yo ve vy Vs
Ve vy v vy vy vE vE yP vE
yEH yEH yEH yEH vit yeH yEH yEH yEH
v§¥ vi© s vi¥ vi© yi¥ ve¥ v va©
v& yf yvE vE Vi vi yE yE Ve
v§ vy s v§ Vi vE ve vy v§

Arrange the constructed table so that from top to bottom it has the exact

sequence of symbols

1

1

required

L]

L]

L]

L]

L]

L]



The reason for suboptimality
Y 7 e B o B R 7 I B O T R B R T

N/ yo || \ ys' | (& | |y | ¥ | |¥7 | |ve

/F | v Vi Vs

CO-C (2] (2] (b5 ] [
7 7 O 5w O 7 B 7 S O 7

We commit to the single “best” estimated alignment
— The most likely alignment

DIV = — 2 log Y (¢, symbolfeswath)
t

— This can be way off, particularly in early iterations, or if the model is poorly initialized
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/B/

/IY/

/F/

/IY/

The reason for suboptimality

| i \ vs | Ve y7 Vs
Yo' i PR wd P e B vy Vs
Yo % s S Yo % Vs
y(I)Y y{Y yéY yéY 3 in 1Y 1Y 1Y

We commit to the single “best” estimated alighnment

The most likely alignment

DIV = — z log Y(t, Symbolfe“path)
t

This can be way off, particularly in early iterations, or if the model is poorly initialized

Alternate view: there is a probability distribution over alignments of the target Symbol
sequence (to the input)

Selecting a single alignment is the same as drawing a single sample from it

Selecting the most likely alignment is the same as deterministically always drawing the most probable

value from the distribution
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/B/
/IY/
/F/
/IY/

Averaging over all alignments

yé*kyf =y§§y§ =yf\=y§ S yE | | yE | | B
v | N L | O DY DO D (G | [
il [y [N o §y§ NearaNr §y5 e

Bl L NG Do NG DN DN S yi¥
;0 1 2 3 4 5 6 7 8 |

* Instead of only selecting the most likely alighment, use the
statistical expectation over all possible alignments

DIV =FE

— z logY(t,s;)
i t _

— Use the entire distribution of alignments

— This will mitigate the issue of suboptimal selection of alignment
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Poll 2

The “training-without-alignment” procedure computes the average
divergence over all possible alignments of the label sequence to the input

(T/F)

e True
e False

The “training-without-alignment” requires explicit estimation of the
alignment of the label sequence to the input

e True
e False



Poll 2

The “training-without-alignment” procedure computes the average divergence over all possible
alignments of the label sequence to the input (T/F)

e True
e False

The “training-without-alignment” requires explicit estimation of the alignment of the label sequence
to the input

e True
e False



The expectation over all alignments

/B/
/IY/
/F/
/IY/

t

yﬁk yr :yfiyf "l i \ys "| vé % Ve
Yo iz vy ys' S va© v’ Ve vi Vg
Yo yi %4 §y§ ¥ ys 5» Ve Ye v, Vs
Yo | x| e | Mws > Vi ¥ Y P ye Py 51 Vs
0 1 2 3 4 5 6 7 8
DIV = E —ZlogY(t,St)]
t

Using the linearity of expectation

DIV = — z EllogY(t,s, )]

— This reduces to finding the expected divergence at each input

DIV = —7 7 P(s, = S|S$,X)logY(t,s, =S)

t SES;.

SK
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The expectation over all alignments

/8 | vE k RN N N N v K1 Y8 | [ 8| | »8
7 yi¥ S vy, ys" S ve' Y yif Ve yi¥ ve'
/F | o Vi Vs § Vs 3 Vi 5» ye A § ) Ve
/|yl yi¥ vy ys Vi ¥ ye' Ve vy 51 Ve
;0 1 2 3 4 5 6 7 8

The probability of aligning the specific symbol s at time t,

given that unaligned sequence S = S, ... Sx_, and given the
input sequence X = Xy ... Xn—1
We need to be able to compute this

DIV = — z EllogY(t, s,
t

— This reduces to finding the expected divergen

DIV = —7 7 P(s; = SIS, X)logY(t,s, =S)

t SES;..Sk

t each input




A posteriori probabilities of symbols

/B/
/IY/
/F/

/IY/

Yo k v K v yE o vE | v ol e y7 Vs
yo' | Myt B vy 7R o I e B N Y B 7
Yo % Y2 Y Y Vi 5‘ ys §y§ iyf s
Yo v v yi Lyl \1 Ve y7 51 Vs
;0 1 2 3 4 5 6 7 8
P(s; = 5,18, X) < P(s; = S,, S|X)

 P(s; = §,,S|X) is the total probability of all valid paths in
the graph for target sequence S that go through the symbol
Sk_q1)attimet

S, (the rth symbol in the sequence S|, ...

* We will compute this using the “forward-backward”

algorithm




A posteriori probabilities of symbols

2 | | |
L :

/B/ | Yo k % X vE NOLovE v | vE v | Vs
N/ yol | N e R e DAl o P R R
TR AREAnE SIS AN y§ §y§ iyf Ys ||

7 S\ ve |

/Y| ylY yi’ v Vs ! Vi |\ Y5 Ve |
t 0 1 2 3 4 .5 6 7 8

P(s; = S,1S,X) « P(s; = 5,,S|X)

 P(s; = §,,S|X) is the total probability of all valid paths in
the graph for target sequence S that go through the symbol
S, (the rt symbol in the sequence S, ...Sx_1) at time t

* We will compute this using the “forward-backward”
algorithm



A posteriori probabilities of symbols

/8/ v
/IY/ L Yo | v8"
/F | Yo 1
Ly | (v | Ly | v

tO 1 2 3 , G

P(s; = S,, S|X) can be decomposed as
P(s, = S,,SIX) = P(Sy, ..., Sy, e, Sk_1,S; = S.|X)
= P(S, ...S,, s = Sr,‘stﬂ € succ(S,), succ(S,), ...,SK_1,|X)
Using Bayes Rule |
=P(Sy...S,5¢ = S, |X)P(sp41 € succ(S,), succ(S,), ..., Sk—1 1Sy ... S, s5¢ = 5. X)

The probability of the subgraph in the blue outline, times the conditional
probability of the red-encircled subgraph, given the blue subgraph
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Conditional independence

/AH/ | ¥8'7 y{H y3H v yitH y&H yét yi y§H
/B/ v& vi v v¥ vy ye vE v7 vE
/D/ v& v vy vy v ye Ve v2 vE
JEH/ | ¥§*7 yiH y5H yiH v y&H v yiH v&H
ny, | ¥ vi¥ yva¥ vi¥ vi¥ yi¥ v v var
/F/ v& vi v vE Vi v v& yE v&
/G | ¥§ yi ys vs vi ye ve vy v
t f t | t | t | |
1 i 1 1 1 1 1 1 1
X, X X, X X, X< Xe X, X

The vector of probabilities at any time depends only on the hidden state, and not the
probability vector at other times

— lLe. the probabilities of the symbols at time t do not directly influence the probabilitiesat t + 1
or any other time

— If we were to draw a sample symbol from the probability distribution at time t, exactly which
symbol we drew at t has no influence on the symbol probabilities at other times

Given the input the symbol probabilities at time t are independent of symbol
probabilitiesat t’ # t

— The two are conditionally independent given the input



/B/
/IY/
[F/
/IY/

A posteriori symbol probability

t

B
0

V1

)’(I)?\‘:

N

B4

Iy |

Yo

V1

Iy
Yo

Iy
Y1

0

1

P(St — ST,S|X)
= P(S; ...S.,5; =S, |X)P(st4+1 € succ(S,),succ(S;), ...,Sk—1 |X)

* We will call the first term the forward probability a(t,r)

* We will call the second term the backward probability B(t, 1)
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A posteriori symbol probability
B NG k aNE: |

v/ | yENCY pY 3 Y
/F | v vi | Y ¥;
/|y yi¥ vy

;0 1 2

P(St — ST,S|X)

= E(SO e Sp, 8t = S, |X)P(s4q € succ(S,), succ(S,), ..., Sk—1 |X)

« We will call the first term the forward probability a(t, )
* We will call the second term the backward probability B(t, 1)
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Computing a(t,r): Forward algorithm

a(t,r) = P(Sy..S,, s¢ = S, |X)
* The a(t,r) is the total probability of the subgraph
shown

— The total probability of all paths leading to the
alignment of §,- totime ¢t

38



Computing a(t, r): Forward algorithm

/1Y/
/F/
/IY/
;0 1 2 3 4 5 6 7 8 |
yE > 8 AN
ys’ yi’

a(3,1Y) = P(S,..S,,s; = S.|X)

a(3,1Y) = P(subgraph ending at (2,B))ylY + P(subgraph ending at (2,1Y))yi’

a(t,r) = z P(subgraph ending at (t—1,q)) Yts(r)
q:Sqepred(Sy)

* Where pred(S,) is any symbol that is permitted to come before an S, and may include S,

- : L 39
e g isits row index, and can take values 7 and r — 1 in this example



Computing a(t,r): Forward algorithm

B/ | ¥ K| vE ‘A
/1Y/
/F/
/IY/
;0 1 2 3 4 5 6 7 8 .
yB oy A
ys' yi’

a(t,r) = P(Sy..S,, s = S-|1X)

a(3,1Y) = a(2,B)ylY + a(2,1Y)yLY

a(t,r) = Z a(t—1,q) YtS(r)
q:Sq€pred(Sy)

* Where pred(S,) is any symbol that is permitted to come before an S, and may include S,

e g isits row index, and can take values 7 and r — 1 in this example
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Forward algorithm

a(t,r) = z a(t —1, q)yf’”

q:SqEpred(Sy)
* The a(t,r) is the total probability of the subgraph
shown

41



/B/
/IY/
/F/

/IY/

Forward algorithm

Vs N Ve Y7 Y8
s Ve i Vs
yE Ve vy Vs
ye v My e

5 6 7 8

a(t—1,r—1)
a(t —1,1) a(t,r)
S(r)

a(t,r) = (a(t—1,7) +at—1,7— 1)y,

42




/B/
/IY/

/F/
/IY/

Forward algorithm

yokyf :yfiyf | Vi \ys "| Y Y7 Vs

vo' yi’ yar vs S ve' Y yif Ve yi¥ ve'

Yo yi by § Vs > Vi 5» Ve A vy 2

vo' A ys' Vi ¥ ¥ Vo' vy Ve

0 1 2 3 4 5 6 7 8
Initialization:

S(0
2(0,0) =y> @, a(0,r) =0, r>0

fort =1..T—1

a(t,0) = a(t —1,0)y,®

forl =1..K—1

a(t,) =(at—1,D)+alt—1,1-

1)) N
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/B/
/IY/

/F/
/IY/

Forward algorithm

v K v : ys | ve \ ve | ve y7 Vs

¥ = v y3' S va© v’ Ve v7 Ve

yi %3 § y: ¥ va 5» Ve Ye %l Ve

i ey s’ > Vs ¥ Y Ve y7 Vs

1 2 3 4 5 6 7 8
Initialization:

(0,0) = 5,

fort =

a(t,0) = a(t—
forl =1..K—-1

e at,) =(at—1,D)+alt—1,1—

1..T—1
1,0)y. %

a(0,7r) =0, r>0 <

1)) NO)

44



Forward algorithm

i ICLYs RO\ \ ve RKClye | [ ¥7 | | 8
y2 s S v s 13 N | e
o3 o DA o P A : = B B = B
2 3 4 5 6 7 8 .
* |Initialization:
a(0,0) = 3@, a(0,r) =0, r>0
e fort =1..T—-1
a(t,0) = a(t— 1,O)yf(0)
forl =1..K—-1 —

e« a(t,D) = (a(t—1,0) +alt—1,1 - 1)y "
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Forward algorithm

Ve N ve RKlve | | v7 | | s
vsY Y ylY Ve yi¥ ylY
Vi AN yé yé % v§
Vs ¥ Vg Ve yi ylY
4 5 6 7 8 |
e [nitialization:
a(0,0) = S(O), a(0,r) =0 r>0
e fort =1..T—-1
a(t,0) = a(t —1,0)y,®
forl =1..K—-1 e

e« a(t,D) = (a(t—1,0) +alt—1,1 - 1)y "
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Forward algorithm

" Ve vy Ve
Ve yi¥ ve'
A vy 2
| Vo' vy g
;0 1 2 3 4 5 6 7 8
* |nitialization:
«(0,0) = y(‘,g(o), a(0,7r) =0, r>0
e fort =1..T—-1
a(t,0) = a(t —1,0)y "
forl =1..K —1 m—

e« a(t,D) = (a(t—1,0) +alt—1,1 - 1)y "
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Forward algorithm

e |nitialization:
2(0,0) =2, a(0,r) =0, r>0
e fort =1..T—1
a(t,0) = a(t —1,0)y "

forl =1..K—-1 e

o« a(t,) = (alt—1,D +a(t—1,1 - 1))y "
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The final forward probability a (¢, )

/B/
/IY/
/F/
/IY/

t

yE k: yE 1ol 8 : y5 :: yE g: yE I vE | | vE | | vE
| Ny %ﬁ D Py g v A YT B P
i | [ N o §y§ NearaNy iyf e
vo' | ot | Lt ] N N yi' : e My My o e
0 1 2 3 4 5 6 7 8 |

CZ(T — 1,K — 1) — P(SO"SK—].lX)

* The probability of the entire symbol sequence is the
alpha at the bottom right node
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A posteriori symbol probability

N

8/ IN\vE k IR A e R4 o -0 e yg ye

/Y| vo N Yy e s | |y

| v [T 43 T Vs |

|y i’ v | Ny S Yi' 4
;0 1 2 3 4 5 6

v

P(St — ST,S|X)
=P(Sy ...S, 5 = S, |X)P(s;41 € succ(S,), succ(Sy), ..., Sk—1 |1X)

\

* We will call the first term the forward probability a(t,r)
We will call thefnd term the backward probability B(t,r)

We have seen how to compute this g



A posteriori symbol probability

A B B > B B B B B B B
/B/ \Xo ‘: yi N Y2 Y3 K1 Ya N1 ys KL Ve Y7 Vs
/Y| vo N Yy e s | |y
N
/F/ | Yo | [0 T YUz T S y5 |
N/ | yo” i’ vz | s Yi'
;0 1 2 3 4 5 6 X

P(s; =S,,S|X) = a(t,r)P(s;yq € succ(S,),succ(S,), ..., Sk_1 1X)

\

* We will call the first term the forward probability a(t, )
* We will call t

B(t,r)

We have seen how to compute this 55

ond term the backward probability



A posteriori symbol probability

} B B
8/ Ny k y2 |
/IY/ DA
N
/F/ Yo V1 2

7Y yi vy
;0 1 2

PG5, = 5,510 = ot S eSS

V3

* We will call the first term the forward probability a(t, )

-
Lets look at this 56



/B/
/IY/
/F/
/IY/

t

Backward probability

v i ytY T\
Vi Ve A i )
\ ylY y yiY Sw yiY
0 1 2 3 4 5 6 / 8

B(t,r) is the probability of the exposed subgraph, not including the orange

shaded box

57
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/B/
/IY/
/F/

/IY/

t

Backward probability

yi¥ gl yi¥ i ytY Y\
Vi Ve A )
\ ylY y yiY Sw yiY
0 3 4 5 6 7 P

B(t,r) is the probability of the exposed subgraph, not including the orange

shaded box

For convenience, let us include the box in the graph, and factor it out later

Yt

Bt,r) = %3(&7")

A (t,r) = probability of graph including node at (t,r)

»
>

We will develop an algorithm to compute 5(t, ) and compute B(t,7) from it by

dividing out yfr later
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Y
* Yo

Yo

Iy
Ve

N i

Backward probability

§ %3
yi"

y&’

> yi¥
v Ve § vy
Ve v N Va"

+

IY

Va

Vs

Ve

» V7

Iy
Vs

Iy
Yo

Iy
Y7

N

¥y
Vs

* Using the same logic as in the forward algorithm:

B(3,1Y)

= yiY P(subgraph starting at (4,1Y)) + yi¥ P(subgraph starting at (4,F))
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Y
* Yo

Yo

Iy
Ve

N i

Backward probability

§ %3
yi"

P e P B

Y
> Ve

Vs

Ve

vy

Iy
Yo

N

Iy
Y7

N V"

+

IY

Va

Vs

Ve

» V7

Iy
Vs

Iy
Yo

Iy
Y7

N

¥y
Vs

* Using the same logic as in the forward algorithm:

B(3,1Y)

= yiY P(subgraph starting at (4,1Y)) + yi¥ P(subgraph starting at (4,F))

 We recognize these terms:

BB 1Y) =yi (B4, 1Y) + f(4,F))
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Backward algorithm

/8/

/] A\ -

/F/ Yo %

Y/ yer iyéy Byl
;0 1 2 6 7 8 .

Bery =y ) Be+1q)

qgesucc(r)

 The B(t,7) is the total probability of the subgraph shown

— Including the node at (t,r)

* The ,@(t, r) terms at any time t are defined recursively in terms

of the B (t + 1, q) terms at the next time
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Backward algorithm

_ _ _ |
/8/ | ¥5 % Yz : v: K| ve N ys K| Ve y7 Vs
77 yi' S s vs S ve' Y yif Ve yi¥ ve'
/F | o v vs Vs 3 Vi 5» ve A ] Ve
w ] D] D N\o DEr Do Do DNy NG
;0 1 2 3 4 5 6 7 8 |

e Entire backward algorithm:
— Note : some nodes (bottom row) have more successors than others

* [nitialization:

BT -1,K-1)=y%Y BT-1r=0r<K-1

e fort =T — 2downto 0
forr =K—1...0

Bt,r) =y'" Bt+1,q)

qesucc(r)
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A 4

Backward algorithm
Vi \ y§ | Ve Y7

/Bl | ¥ k v K v : y3

/Y| vo i vz R e 7 e A Yo vy
/Fl | Yo yi Y5 § 3 S Vi 5» e Y yr
N7 yi¥ v s’ > Vs ¥ Y Ve y7;

;0 1 2 3 4 5 6 7

* |nitialization:

BT -1,K-1) =95V BT-1,1)=0r<K-1

e fort =T — 2downto 0
forr =K—1...0

B =y ) Bl+1,9)

qesucc(r)
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Backward algorithm

/8 | v& k RN ‘yf yE N EE & K| 8
I\ /A7 ¥ = v AR e AR e A Ve
/F/ | Yo i %] § 3 S Vi 3» e Ve
/Y|y v v s’ > Vs ¥ &Y Ve

;0 1 2 3 4 5 6 7

A 4

v

* |nitialization:

BT -1,K-1)=y"% Y BT-1r=0r<K-1

e fort =T — 2downto 0
forr =K—1...0

B =y > Be+1,9)

qesucc(r)
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Backward algorithm

/8/ yé*kyf =y§§y§ | yP \inB
I\ 7B viw o vz R e AR o 77
/| ¥ yi Y5 § Y3 S Ya 5» Y5
/Y|y v vz s x Ya ¥ s

;0 1 2 3 4 5

* |nitialization:

B(T—1,K—1) =yfff_1),,63(T—1,r) =0, r<K-1

e fort =T — 2downto 0
forr =K—1...0

Bem) =y ) Ble+19)

qesucc(r)
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Backward algorithm
/8/ yé”kyf =y§§y§ > y2
/Y| vo” i > ve vs S Vi S
/F | Y vi vs §y§ I~ A
/Y|y yi’ ys'
;0 1 2 3 4

* |nitialization:

B(T—1,K—1) =yfff_1),,63(T—1,r) =0, r<K-1

e fort =T — 2downto 0
forr =K—1...0

Bem) =y ) Ble+19)

qesucc(r)



Backward algorithm

\“
5

* |nitialization:

BT -1,K-1)=y"% Y BT-1r=0r<K-1

e fort =T — 2downto 0
forr =K—1...0

B =y > Be+1,9)

qesucc(r)



Backward algorithm

/B/

/N e R\ -

/F/ Vs Ye v,

/1Y/ Ny Eyéy iyéy 3 g
;0 2 5 6 7 8

e This recursion gives us (t, ) which includes the node at

(t,7)

 The actual backward probability is obtained as

Bt,T) = %3(1?,7”)

Yt
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Backward algorithm

_ _ _ _ | |
/8/ | ¥5 k Rl Yz : v: K| ve B ys K| Ve y7 Vs
77 yi' S s vs S ve' Y yif Ve yi¥ ve'
/F | o v vs Vs 3 Vi 5» ve Ve ] Ve
A I L R VO I BV 44 yiY ¥ LNyl LNyl
;0 1 2 3 4 5 6 7 8 .

* [|nitialization:

BT -1,K-1)=ySKY BT-1,1=0r<Kk-1

e fort =T — 2downto 0
forr =K—1..0

Bt ) =y ™ Z Bt +1,q)

qgesucc(r)

B(t,r) =—- )ﬁ(t r)
Vi
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A posteriori symbol probability

8/ N k v 1 v8
v | N A S
/| Yo YR EA

/|y yi¥ vy
;0 1 2

P(s; = S,,S|X) = a(t,r)P(blue graph)

* We will call the first term the forward probability a(t,r)
» We will call the second term the backward probability S(t, 1)
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The joint probability

/B/ 5&: yE 1ol 8
1 1Y 1Y
/IY/ ?\\

Vi Y2

/F | vE vi | Y v i
AR yi¥ vy
;0 1 2 3 4 5 6 7 8 |

P(s, =S,,S|1X) = a(t, r).

e We will call the first term the

rd pr. lity a(t, )

 We will call the second term t ackwar@|robability

B(t,r)

Forward algo Backward algo
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The posterior probability

/Bl | ¥ k v K v s K| v \ ve | ve y7 Vs
I\ 7B v § v Vi, i Yo vy Ve
w [ [E N2 T D D2 iyf 7
77 i vz V3 > Ya ¥ s Yo yr Sw Vs

;0 1 2 3 4 5 6 7 8 |

P(s; = S,,S|X) = a(t,r)B(t,r)

* The posterior is given by
P(s; =S,,S|X) a(t,v)B(t,r)

Pl =S8 =5 p e = SLS0 ~ %y, a6, T



The posterior probability

/B/ ygkyf Yz S v NOLys K Ve y7 Vs
/IY/ IY 1Y | 1Y 104 \ 1Y IY Y IY

Yo Vi Y2 Ya V&’ Vs Ye Y7 Vs

/F | o v vs Vi ¥ yE A i vy Ve

A yi¥ vy V5 > Vi ¥ ye' Ve yy¥ Sw Ve
;0 1 2 3 4 5 6 7 8

* Let the posterior P(s; = S,-|S, X) be represented
by y (¢, 7)
a(t,r)B(t, 1)

2 a(t,r)B(t,r')

y(t,r) =



/B/
/IY/
/F/

/IY/

The expected divergence

yé*kyf =y§§y§ " yF \=y§ B | | yE | | B
Vi | N S S O SOy Ry | | Y
e | [r N 5 §y§ NSFNLINGENG
] D] T N Do Do DN Do Do
0 1 2 3 4 5 6 7/ 8

DIV = —z Z P(s; =s|S,X)logY(t,s, =s)

t SESO ...SK_]_

DIV = —Zzy(t,r) logyf(r)
t r

v
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Poll 3

Select all that are true

e The forward-backward algorithm is used to compute the a posteriori
probability of aligning each symbol in the compressed sequence to each input

e These probabilities are required to compute the expected divergence across
all alignments of the compressed symbol sequence to the input



Poll 3

Select all that are true

e The forward-backward algorithm is used to compute the a posteriori probability of aligning
each symbol in the compressed sequence to each input

e These probabilities are required to compute the expected divergence across all alignments of
the compressed symbol sequence to the input
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/B/
/IY/

/F/
/IY/

/AH/
/B/
/D/
/EH/
/1Y/
/F/
/G/

Recap: The “aligned” table

A 4

y& k N ‘yf |y N v anE A REARE
Yo A I e B e R s Ve vy y
Yo yi %3 Y3 S Ya 5» e Ye %l y
Yo v vz s > Ya ¥ s Yo yr 51 y

We want loss derivatives for these terms

v§H yiH ysH y5t yiH y& y&H yaH v§H

v§ yi vy v5 Vi yo ve vy Vs
vy vy v vy vy vE vE 3% 4 vE
EH EH EH EH
Yo i dDIV  dDIV dDIV vy vi
Yo V1 VYtDIV = dvAH  JvB dvG Y7 B¢
= = Yt Yt Yt = =
Yo Yi Y2 Y3 ya s Y6 Y7 ys
v§ vy s v§ Vi vE ve vy v§
| | | | | | | | |
| | | | | | | |
X X4 X, X X, X< Xe X, X0




/B/
/IY/
/F/

/IY/

The expected divergence

v k vE R vE ‘yf " yF \= yE 1l vE | |2 | | vE
Vi | N S S O SOy Ry | | Y
e | [r N 5 §y§ NSFNLINGENG
] D] T N Do Do DN Do Do
0 1 2 3 4 5 6 7/ 8

DIV = —z Z P(s; =s|S,X)logY(t,s; =s)

t SESO ...SK_]_

DIV = —Zzy(t,r) logyf(r)
t r

The derivative of the divergence w.r.t the output Y; of the net at any time:
dDIV dDIV

vy, DIV = [ o7

dytsO

dDIV
dySL—l
t

— Components will be non-zero only for symbols that occur in the training instance

v

81



/B/
/IY/
/F/

/IY/

The expected divergence

v k vE R vE ‘yf " yF \= yE 1l vE | |2 | | vE
Vi | N S S O SOy Ry | | Y
1 TN E D DN DNHE [
o D] D 1 N\or D Do DNy Do N
0 1 2 3 4 5 6 7/ 8

v

DIV = —z Z P(s; =s|S,X)logY(t,s, =s)

t SESO ...SK_]_

DIV = —Zzy(t,r) logyf(r)
t r

The derivative of the divergence w.r.t the output Y; of the net at any time:
Al

vy, DIV =

Al

d

Must compute these terms
from here

— Components will be non-zero only for symbols that occur in the training instance
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The expected divergence

/8 | vE k RN N N N v K1 Y8 | [ 8| | »8
77 yi' S s vs S ve' Y yif Ve yi¥ ve'
/F | o v vs § Vs 3 Vi 5» ve A ] Ve
A yi¥ vy ys Vi ¥ ye' Ve vy 51 Ve
t 0 1 o] D A rC r 7 8 N

daDIV d l

L gl ] -y(t,7) log y,

V¢ Yt

r:S(r)=l
DIV = —Z Z]/(t, r) logyf(r)
t r

The derivative of the divergence w.r.t the output Y; of the net at any time:

) A
Vy, DIV =

— Components will be non-zero only for symbols that occur in the training instance

d

Must compute these terms
from here
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/B/
/IY/
/F/
/IY/

The derivatives at both these locations must be summed to get

The derivative of the divergence w.r.t the output Y; of the net at any time:

A A ADIV
Vy, DIV =

t

The expected divergence

B

Yo k vy Vs : ys
Yo' vi© S v v’
Yo 7z Vs Vi
Vo' y1’ ys' y3'
0 1 2

"l Va4

Vi

IY

N

dpIv
dy;

/7 .

3//' 4

7/ .

-3

r :S(r)=1

d

Vt

v | ve y3 Ve
ye' Ve yi¥ Ve
Ve Ve ) Vg
ve e Wyr s
5 6 7 8
abDlv
dysY

] y(t, ) logy;

— Components will be non-zero only for symbols that occur in the training instance
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/B/
/IY/
/F/
/IY/

The derivatives at both these locations m

t

The expected divergence

V5 k v ]| V3 ‘yf " yf N vE R vE | | vE | | ¥B
Yo viw o vz s s Yo vy Ve
Yo 7z Vs Vi Vi Ve Ve vy Ve
Yo | x| e | Mws ad Y V2 Y Ye WY Vs
0 1 2 3V 4 5 6 7 8

aDIv

— Components will be non-zero only for symbols that occur in the training instance
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The expected divergence

/B/ yé*k RN :yf | yE N v K1 Y8 | [ 8| | »8
Y/ | ¥ A IR e R A s Yo yr Ve
/Fl | Yo yi Y5 § v P va ys Y yr E
N/ | v i vz | s d ys Yo Y7+ s
;0 1 2 3/ 4 5 6 7 8 .
The derivatives at both these locations must be summed to get Z’;Z
dDIV d
= — —v(t,r) log y!
d ] d l Vi, 8Vt
d . )/(t, r) d)/(t, r) : , any time:
oo v r)logy, = ———+ —logy;
yt L"'Jt 4 yt v L 1
N\ \__/

— Components will be non-zero only for symbols that occur in the training instance
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/B/
/IY/
/F/
/IY/

t

The expected divergence

;vé?kyf 122 QL8 K X8 Ko | 7 | o8
Yo' SR R i PR ye K Ve 7' Vg
Yo % Y2 § Vs P v Y5 Ve y7 V8
Yo | x| e | Mws ad Y V2 Y Ye WY Vs
0 1 2 3V 4 5 6 7 8 .
The derivatives at both these locations must be summed to get Zig

abiv.

-3

r :S(r)=1

dy;

The derivative of 1

/7 .

d

—v(t,r)logyl ~

7/ .

d

Vt

N7t /N7t /
The approximation is exact if we think of this as a maximum-likelihood estimate

l

Ve
\""

] y(t, ) logy;

y(t, r) netatanytime:
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Derivative of the expected divergence

/8 | vE k RN N N N v K1 Y8 | [ 8| | »8
I\ 7B viw o vz s s Yo vy Ve
/Fl | Yo yi Y5 3 Vi yE Y yr E
N Lol | (o | [ | Mo Al [ Bl B e B 51 Ye'
;0 1 2 3V 4 5 6 7 8 .
The derivatives at both these locations must be summed to get j’;ﬁK
4

DIV = —ZZy(t,r) logyf(r)
t r

The derivative of the divergence w.r.t any particular output of the network must sum over
all instances of that symbol in the target sequence

dplv. 1 Z &7
e , T
dy; : !

oy :S(r)=1

— E.g. the derivative w.r.t y/” will sum over both rows representing /IY/ in the above figure 38



Overall training procedure for

Seq2Seq case 1
/B/ /Y [F] W/
2 2 P Q2 2 P 2 P 7?7

Y, | || |% ol |vo | (Ve | ve | |V ] |Vl |V

* Problem: Given input and output sequences
without alignment, train models



Overall training procedure for
Seq2Seq case 1

e Step 1: Setup the network
— Typically many-layered LSTM Qf)

e Step 2: Initialize all parameters of the network
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Overall Training: Forward pass

* Foreach training instance
* Step 3: Forward pass. Pass the training instance through
the network and obtain all symbol probabilities at each

time
/AH/ | v8 yitf y3if yitH it yat yé o v§
/B/ v§ vy y7 vi vy y& vé v7 vE
/D/ | Y& vy vy vy vy y& vE v7 vE
JEH/ | y§H yi v v vi y&" & y7 y&
Ny, | vo© vi¥ vs© vi¥ vi¥ y&* vér v7¥ va"
/F/ v§ yi y3 vi vi y& vé vy vé
/G | Y& vy ys ys vy yE vE vy v§

1 1 1 1 1 1 1 1 1




/B/
/IY/
/F/
/IY/

/AH/

e~ I

* Foreach training instance

e Step 3: Forward pass. Pass the training instance through
the network and obtain all symbol probabilities at each
time

Overall training: Backward pass

B B B B B B B B B
Yo Y1 %) Y3 2 Vs Ve Y7 s
Iy 1y 1y Iy Iy Iy Iy Iy 1y
Yo V1 Y2 Y3 Y4 Vs Ve Y7 Vs
F F F F F F F F F
Yo Y1 Y2 Y3 Y4 Vs Ve Y7 Vs
Iy Iy Iy Iy Iy Iy Iy Iy Iy
Yo Y1 Y2 Y3 Y4 Ys Ye Y7 Vs
&t yitH ysH ysH yitt y&H y&H yiH v

r

r

r

e Step 4: Construct the graph representing the specific

symbol sequence in the instance. This may require having

multiple rows of nodes with the same symbol scores




/B/
/IY/

/F/
/IY/

Overall training: Backward pass

Yo k v K v : ys | ve \ ve | ve y7 Vs
Yo ¥ = v y3' S va© v’ Ve v7 Vg
Yo yi %3 § y: ¥ va 5» Ve Ye § %l Ve
Yo v v s’ > Vs ¥ Ve y7 51 Vs
;0 1 2 3 4 5 6 7 8

Foreach training instance:

— Step 5: Perform the forward backward algorithm
to compute a(t,r) and B(t,r) at each time, for
each row of nodes in the graph. Compute y(t, ).

— Step 6: Compute derivative of divergence Vy DIV
for each Y;
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Overall training: Backward pass

* Foreach instance
— Step 6: Compute derivative of divergence Vy DIV for each Y;

7 DIV — [dDIV dDIV dDIV]
§ dy? dy! T dytT
dDIV z y(t r)
dyt r:S(r)=l
dDIV .
* Step 7: Backpropagate o~ and aggregate derivatives
t

over minibatch and update parameters



Story so far: CTC models

Sequence-to-sequence networks which irregularly output symbols can be
“decoded” by greedy decoding

— Which assumes that a symbol is output at each time and merges adjacent
symbols

They require alignment of the output to the symbol sequence for training

— This alignment is generally not given

Training can be performed by iteratively estimating the alignment by
Viterbi-alignment and time-synchronous training

Alternately, it can be performed by optimizing the expected error over all
possible alignments

— Posterior probabilities for the expectation can be computed using the forward
backward algorithm



A key decoding problem

* Consider a problem where the output symbols
are characters

e We have adecode: RRREEEED

* |s this the compressed symbol sequence RED
or REED?



/AH/
/B/
/D/

/F/

We’ve seen this before

3ol R il N U7l U 7w N 7 I V7-u O 17~ O 5l B O 7
Yo yr vz y3 Vi v Ve y7
Yo Vi vy s Vs g Yo y7
annc guish between an extended symbol and |REINRC AR BB &
e oy U St Ve Ve
Yo ; V5 Vi Ve % Vs
yo ek Vi ys Ve % Vs
1 1 1 1 1 1 1 1 1
X, X, X, X, X, X< X, X, Xq

* /G/ [F/ [}/ /Y] [D/ or /G/[F/[IY] /D] ?
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A key decoding problem

We have adecode: RRREEEEED
Is this the symbol sequence RED or REED?

Solution: Introduce an explicit extra ‘invisible’ symbol which serves to
separate discrete versions of a symbol

— A “blank” (represented by “-”)
— RRR---EE---DDD = RED

— RR-E--EED = REED

— RR-R---EE---D-DD = RREDD

_ R-R-R-——-E-EDD-DDDD-D = S

* The next symbol at the end of a sequence of blanks is always a new character
* When a symbol repeats, there must be at least one blank between the repetitions

The symbol set recognized by the network must now include the extra
blank symbol

— Which too must be trained
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A key decoding problem

* Wehaveadecode: RRREEEEED
* |sthis the symbol sequence RED or REED?

* Solution: Introduce an explicit extra ‘invisible’ symbol which serves to
separate discrete versions of a symbol

— A “blank” (represented by “-”)
— RRR---EE---DDD = RED
— RR-E--EED = REED
— RR-R---EE---D-DD = RREDD
— R-R-R---E-EDD-DDDD-D = RRREEDDD
* The next symbol at the end of a sequence of blanks is always a new character
* When a symbol repeats, there must be at least one blank between the repetitions

 The symbol set recognized by the network must now include the extra
blank symbol
— Which too must be trained



Poll 4

Which of the following are valid expansions of the character string “BILLY”?

e BBIILLY
e B-BIL-LY
e B—-I-LLY

e B-I-L-LYY



Poll 4

Which of the following are valid expansions of the character string “BILLY”?

e BBIILLY
e B-BIL-LY
e B-I-LLY

e B-I-L-LYY



The modified forward output

* Note the extra “blank” at the output

- ¥ yY V7 V3 vy Ve Ve V7 Ve
/AH/ | v8 yitf ysf y3H vt y&t yéH yitH ygt
/B/ | ¥§ vy vy vy vy yE & y7 vE
/D/ | Yo vy vy vy vy yE y& vy vg
/EH/ | y5* yiH y5 ysH yvi' y&" & y7 v
N7 yvi¥ v yi¥ vi© ys* vé¥ Al va©
/F/ vé i vy vi Vi y& vé vy v§
/G | ¥§ vi ys ys Vs ye ve vy v§

1 1 1 1 1 1 1 1 1
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* Note the extra “blank” at the output

/AH/
/8/
/D/
/EH/
/1Y/
/F/
/G/

The modified forward output

/8] I/ R/ 1Y/

b b b b b b b b b
Yo Y1 ) Y3 Ya Vs Yo Y7 B4
y§tH vt y3H y3H yitH y&H y&H yiH y§H
vy yE Vi yZ vE yE vE
Vo Vi v3 vy Vi yo yo yP vy
y&H yiH yFH yEH it y&H y&H y5H y&H
Yo" yi” 3" yi" ys ys" y7"
Yo yi V3 Vi Vs
& vy ys s Vi Ve Ve Yy v§

| | | | | | | | |

| | | | | | | | |
X, X, X, X X, X< X X, X4
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* Note the extra “blank” at the output

/AH/
/8/
/D/
/EH/
/1Y/
/F/
/G/

The modified forward output

/8] I/ R/ 1Y/

b b b b b b
Yo V1 V2 V3 E @ Ve V7 Vg
& vt y3H y3H yitH y&H y&H yiH y§H
vE y5 vB vP yB vE vB vE
v Vi v3 vy Vi yo yo yP vy
y&H yiH yFH yEH it y&H y&H y5H y&H
Yo" yi” 3" yi" s ys" y7"
v& y¥ vy vy Vi yE Vs
& vy ys s vi v§ Ve Yy v§
| | | | | | | | |
| | | | | | | | |
X, X, X, X X, X< X X, X4
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* Note the extra “blank” at the output

/AH/
/8/
/D/
/EH/
/1Y/
/F/
/G/

The modified forward output

/8] I/ [}/ R/ 1Y/

b b b b b b b
Yo V1 V2 V3 V4 @ Ve V7 Vg
& vt y3H y3H yitH y&H y&H yiH y§H
vE y5 vB vP yB vE vB vE
v Vi v3 vy Vi yo yo yP vy
y&H yiH yFH yEH yviH y&H y&H y5H y&H
e v A7 [V [ [
yE yf yI o BV yE Ve
& vy ys s vi v§ Ve Yy v§
t t t t t t t t t

| | | | | | | | |
Xo X1 X X3 X4 X5 Xe X7 Xg
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/D/

/D/
/IY/

Composing the graph for training

/EH/

t

yé‘”’k vt R yé”’: v R ya \ vl )k ve | | vit| | s
V6 v ys V3 S ve Yy Ve vy Ve
Yo yi 21 §ys‘? P2 5» ye Ve iy? Ve
Yo iz vy s’ 3 Vs : ys Ve y7’ 51 Vg
0 1 2 3 4 6 7 8

 The original method without blanks

* Changing the example to /EH/ /D/ /D/ /1Y/ for illustration

107
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How blanks change the graph

/B =——> [IY] =——> [F] —> [IY/

* Regular order: Each symbol must be followed by
the next one

= =—p/B/ > - > [IY) =———d> - =——p [F/ > - > [1Y [ =—b -

* New pattern: Each symbol may optionally be
followed by a blank (explicitly shown)



How blanks change the graph

/EH/ —> /D/ —> /D] —> /IY/

* Regular order: Each symbol must be followed by
the next one

/\ /_\

- =——p/EH/ > . » /D) =——d> - =—>p [D/ > - > [1Y [ =—b -

* New pattern: Each symbol may optionally be
followed by a blank (explicitly shown)

* Unless the next symbol is the same
— E.g. /D//D/

— In this case an intermediate black is mandatory
— Blanks may also occur in the first and last positions



Composing the graph for training

- | ¥ y7 Y7 y3 Vi ye e y7 Ve
JEH/ [y |yt et | |vst | e | [ wET ] |we | |y | vE”
- )| ¥ yT Y3 y3 Vi ye e y? Y8
/D/* | Yo yr Y2 s Vi e Ye y7 Ve
- | ¥ yT Y3 y3 Vi ye e y? Y8
/DA, | Yo y7P Y2 Y3 Vs Vs ye y7 yg
- )| ¥ yy 3 3 i ye e y? 4
/NF | ye” v v s Vi s Yo vy Ve
- | ¥ yY Y7 y3 Vi ye Ve y7 V8

 With blanks

* Follows the graph we just saw
* Note: a row of blanks between any two symbols

* Also blanks at the very beginning and the very end




/E

/D/

/D/

/1Y

Composing the graph for training

Yo y7 Y7 y3 Vi ye e y7 Y8
R IR e IR S~ 57 W 77 I 6 7S R 5 2 B 7
Yo yT Y3 y3 Vi ye e y? Y8
Yo VP Y2 s Vi ye Ve y7 Ve
Yo yT Y3 y3 Vi ye % e N y? Y8
Yo Y1 Y2 vy Nk Vs R Ye N1Y7 1\ |vs
Yo yy 3 3 kyf ¥e Rel ve Rvly? g 4
vo | (ot | (e | s | (e /v )y Kyr e
Yo yY Y7 y3 Vi ye Ve y7 ; V8

* Add edges such that all paths from initial node(s) to final
node(s) unambiguously represent the target symbol sequence

* |f thereis an edge on the left graph, there is a corresponding
arrow between columns




Composing the graph for training

Y7 ¥ Vi Vs yé y7 Vs
il e 2 e i N I S N 17 B 6 2 I I -2
V3 y3 Vi ye e y? Y8
v ys 74 ye Ye y7 Ve
- | ¥ yT Y3 y3 Vi ye % e N y? Y8
/DA, | Yo Y1 Y2 Y3 Va e vx Yo N1Y7 Vg
- )| ¥ yy 3 3 i ¥e Rel ve Rvly?
IYF | ye yi" y' | |vd i’ &' ve' %l
- | ¥ yY Y7 y3 Vi ye Ve y7

* The first and last column are allowed to also end at initial ans

final blanks
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/E

/D/

/D/

/1Y

Composing the graph for training

Yo y7 Y7 y3 Vi ye e y7 Y8
Yo w2l v w2 vl st 2y o | vER | (vel | |y | vs”
Yo yT Y3 y3 Vi ye e y? Y8
Yo yP yZ y3 74 ye W y7 v
Yo yT Y3 y3 Vi ye % e N y? Y8
Yo Y1 Y2 Y3 Va Vs Yo ®_LY7 Vg
Yo yy 3 3 §yf ye e y? &yé’
vo | (ot | (e | s | e /v KOs KT KOs
Yo yY Y7 y3 Vi ye Ve y7 ; V8

final blanks

either side are different

required between distinct symbols

e The first and last column are allowed to also end at initial and

e Skips are permitted across a blank, but only if the symbols on

Because a blank is mandatory between repetitions of a symbol but not




Modified Forward Algorithm

b

3’1 J’2 3’3 Y4 )’5 Y6 3’7 Vs
it R v s e €\ | vET | | vel | |yrt | | ve"
y7 V3 y3 yr ye e y? Y8
vy y? s 74 Vs ye y7 Vg
yy y3 3 yr ye é‘ ye N y? 4
VP Vs Vs K1k Ve RolVe ROLY7Z N s
yr Y3 y3 Vi Ys Rvl Ye Rvly7 g Vs
v vz s Ya ys Yo y; § Ve
y7 V7 y3 Vi ye Ve y7 ; Vg
Initialization:

—a(0,0) = y&,a(0,1) =

S()a(Or)—O r>1

S (k) refers to the extended sequence with blanks included




Modified Forward Algorithm
mmmmmmmmlﬂ

§ i} ra
H} km mkm m m A

m L‘i! o

o/ | A
- 8 ) 3’1 N m M M
o w | [t mﬂ%lﬂl‘m e
> | ] e & \k\‘-m:‘m\mi
i AR Ak e "mni
- . | y3 ] ye | m L2 Lt ] m

t

at,) =YD ) a(t-1,9)
q:SqEepred(Sy)

* |[terationt = 1:N:
alt,r)=alt—1,r)+alt—1,r—-1)
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Modified Forward Algorithm

mkm Mklﬂkﬂlﬂlﬂﬂ
:‘

s \J
~ FaNa ‘t‘mkm m M

o/ z L‘NB
0 o N ‘ﬂ‘mgm‘ﬂ |
—> 4 % %1 W \\ \\\‘.m\\.m m
Y4 Bealcals -\nasi‘
- . | v E ] [ m A o 7 o BV

t
_ S B
e |terationt = 1:N: a(t,r) =Y, z a(t—1,q)

alt,r)=alt—1,r)+alt—1,r—-1) q:Sq€Epred(Sy)
« fS(r) #S(tr—2)
a(t,r) +=a(t—1,r — 2)
S(r)

a(t,r) x=y
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Modified Backward Algorithm

- | ¥ y? y2 y2 Ve ye Ve y?
JE v yi VoAl v ye | | ye" yy
- )| ¥& y? y2 y2 y? ye Ve y?
/D) | ¥§ vy V3 ys Vi ye Ve vy
- | ¥ y? y2 y2 y? ye Ve N y?
/DN | v§ vy y3 Vs R\e 2 Rlve Rly7
- )| ¥ y? ya ya W v Y Yo RV VP
A7 yi’ vy vs' Vi ye' Ve 2
- | ¥ y? ya ys Ve ye Ve yE
t
e |nitialization:
S(2K-1)

B(T—12K—-1)=y?_ ;B(T—12K -2) =y,
B(T—1,1r)=0 r<2K-2

S (k) refers to the extended sequence with blanks included




Modified Backward Algorithm
q ye ye %

* | [ [
ra ra \ERRERRE

B

/D/ : t“ k‘ﬂ‘ 3’6 vy

- m m Em 3’57

/oN (2 ] ,ﬂ M M

> rallea ,lm nl\\m\:‘-m\\-ﬂ\ |
rafiral et mn‘“v

- n [ ) 2] B2 ) B2 " ve L7 m
Iteratlon

A . A B, =y Alt+1,9
pt,r)=pt+1,r)+pt+1,r+1) q:sqe;c@r)

e IfS(r) #S(r+2)
B(t,r) += Lt + 1,1+ 2)

,B(t 7") ¢ — S(r)

Bt 1) = Bt 1) /y."



The rest of the computation

* Posteriors and derivatives are computed
exactly as before

* But using the extended graphs with blanks



Overall training procedure for

?

Seq2Seq with blanks
/EH/ /D/ /D] /Y]

? 2

?

? 2

?

? 2 ?

Yo

Y

v

Y;

Y,

Ys

Ye

Y

Yg

Yq

* Problem: Given input and output sequences

without alignment, train models
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Overall training procedure

e Step 1: Setup the network
— Typically many-layered LSTM (r)

e Step 2: Initialize all parameters of the network

— Include a “blank” symbol in vocabulary



Overall Training: Forward pass

* Foreach training instance
* Step 3: Forward pass. Pass the training instance through
the network and obtain all symbol probabilities at each
time, including blanks

b b b b b b b b b
- Yo Y1 ) Y3 Ya Vs Yo Y7 Vs
/AH/ | ¥§H vt y3H y3H yitH y&H y&H yiH y§H
/B/ vE yP vy yE Vi yZ vE yE vE
/D/ v yP v3 vy Vi yo yo yP vy
JEH/ | ¥&H yiH yFH y5H yviH y&H y&H y5H y&H
ny, | vé* vi¥ yi¥ yi¥ va¥ yer yv&¥ y3¥ &Y
/F/ v& yi yvs vy Vi yE Ve vy Ve
/G/ v§ v ys s vi v§ vé 34 v§

1 1 1 1 1 1 1 1 1

I I [ [ I [ [ [ I
Xo X4 X2 X3 X4 X5 X6 X7 X3




Overall training: Backward pass

— yo vy ys y3 yi ye yé y7 V8
/E voH yi v it vi' yiH & vyt vg"
—HS v§ v v vy vy ye Ve %4 Vs
/D)% | ¥§ yi v y3 vy yg ve vy V8
— v yy y5 y3 yi Ve yé N %4 vE
/DA, | ¥& vy vy y3 v yL ye K vy v
—> v§ vy v v § yi ye Rl ¥e Rvel v vs
Y| vo© yi¥ ys¥ y3¥ v’ ys' yé¥ AR
- vo vy vy ys Vi ye Ve vy Vs

* Foreach training instance
e Step 3: Forward pass. Pass the training instance through
the network and obtain all symbol probabilities at each
time
e Step 4: Construct the graph representing the specific
symbol sequence in the instance. Use appropriate
connections if blanks are included



Overall training: Backward pass

— yo vy ys y3 yi ye yé y7 Vs
/E voH yi v it vi' yiH & vyt vg"
—H§ v§ v v vy vy ye Ve %4 Vs
/D)% | ¥§ yi v y3 vy yg ve vy V8
— v yy y5 y3 yi Ve yé N %4 vE
/DA, | ¥& vy vy y3 v yL ye K vy v
—> v§ vy v v § yi ye Rl ¥e Rvel v vs
Y| vo© yi¥ ys¥ y3¥ v’ ys' yé¥ AR
- vo vy vy ys Vi ye Ve vy Vs

* Foreach training instance:

— Step 5: Perform the forward backward algorithm to compute
a(t,r) and B(t,r) at each time, for each row of nodes in the
graph using the modified forward-backward equations. Compute a
posteriori probabilities y(t,r) from them

— Step 6: Compute derivative of divergence 'y DIV for each Y;
130



Overall training: Backward pass

* Foreach instance
— Step 6: Compute derivative of divergence Vy DIV for each Y;
dDIV dDIV dDIV
dyy dy; dytH]
DIV v(t, 1)

l - S(r)
dyt r:S(r)=1 Yt

VYtDIV — l

* Step 7: Backpropagate dcfl;/ and aggregate derivatives

Yt
over minibatch and update parameters




CTC: Connectionist Temporal
Classification

e The overall framework we saw is referred to as
CTC

* Applies to models that output order-aligned,
but time-asynchronous outputs



Returning to an old problem:

Decoding

/AH/ | & Vi V3 ysH yit Ve Vé V4 V§

e 8] 2] B2] (o2 [o2] [o] [98] [o2] [ %
o/ | yP yP y? 3 yP yP yP

/EH/ EH EH EH EH EH EH EH EH

Yo 1 Y2 ny Vs V6 Y7 Vs
ny (v | [ i’ ||

/o | ¥ Vi 2 Vs Vi Ve Ve vy 2

/G] | ¥§ 28 V5 Vs Vs ye ye vy Vs
{ { { { | | | | |

X, X, X, X, X, X< X, X, Xq

* The greedy decode computes its output by finding the most likely symbol at each time and merging
repetitions in the sequence

* Thisisin fact a suboptimal decode that actually finds the most likely time-synchronous output
sequence
— Which is not necessarily the most likely order-synchronous sequence 133




Greedy decodes are suboptimal

Consider the following candidate decodes

— RR—EED(RED, 0.7)

— RR—-—ED (RED, 0.68)

— RREEED(RED, 0.69)

— TTEEED(TED, 0.71)

— TT-EED(TED, 0.3)

— TT--ED(TED, 0.29)

A greedy decode picks the most likely output: TED

A decode that considers the sum of all alignments of
the same final output will select RED

Which is more reasonable?
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Greedy decodes are suboptimal

Consider the following candidate decodes

— RR-EED(RED, 0.7)

— RR——ED(RED, 0.68)

— RREEED (RED, 0.69)

— TTEEED(TED,0.71)

— TT-EED(TED,0.3)

— TT——ED(TED, 0.29)
A greedy decode picks the most likely output: TED

A decode that considers the sum of all alignments of the
same final output will select RED

Which is more reasonable?

And yet, remarkably, greedy decoding can be surprisingly
effective, when using decoding with blanks
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Wlhat a CTC system outputs

Waveform

v § P ? 5
M N z . Framewise

> 1
=
=20 .
< z : :
@) ’ ’ :
— » » .
. : : :
: : : A PN
= z & ; A i s CTC
0! . - - *.“:A_ : :
aw n =d ix v
che" "sound" - 'lor"

Figure 1. Framewise and CTC networks classifying a speech signal. The shaded lines are the output activations,
corresponding to the probabilities of observing phonemes at particular times. The CTC network predicts only the
sequence of phonemes (typically as a series of spikes, separated by ‘blanks’, or null predictions), while the framewise
network attempts to align them with the manual segmentation (vertical lines). The framewise network receives an error
for misaligning the segment boundaries, even if it predicts the correct phoneme (e.g. ‘dh’). When one phoneme always
occurs beside another (e.g. the closure ‘dcl’” with the stop ‘d’), CTC tends to predict them together in a double spike.
The choice of labelling can be read directly from the CTC outputs (follow the spikes), whereas the predictions of the
framewise network must be post-processed before use.
* Ref: Graves
* Symbol outputs peak at the ends of the sounds
— Typical output: --R---E---D
— Model output naturally eliminates alignment ambiguities
e But this is still suboptimal..
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Actual objective of decoding

* Want to find most likely order-aligned symbol sequence
— RED

— What greedy decode finds: most likely time synchronous
symbol sequence

* —/R//R/——/EH//EH//D/

* Which must be compressed

* Find the order-alighed symbol sequence § = S, ..., Sk_1,
given aninput X = X,, ..., Xr_4, that is most likely

= argmax P (S, ..., Sk—1|X)
3



Recall: The forward probability a (¢, )

/B/
/IY/
/F/
/IY/

t

Yo k v K v : y3 K Vi i: ve | ve y7 Vs
Yo v § vy y3' S Va© v’ Ve v7 Vg
Yo yi %3 §y§ ¥ s 5» Ve Ye iyf Ve
yo' | (vt | | v | Nod S ¥ : v Byl o ve
0 1 2 3 4 5 6 7 8 |

C(SO__SK_l(T — 1,K — 1) — P(SO .SK_1|X)

* The probability of the entire symbol sequence is the
alpha at the bottom right node
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Actual decoding objective

* Find the most likely (asynchronous) symbol sequence

S = argmaxag(Sx_1, T — 1)
S



Poll 5

The actual objective of decoding is to identify the compressed/unaligned
sequence that has the highest probability given the input

e True
e False

This is the same as finding the compressed sequence with the highest forward
probability (alpha) for aligning the final symbol in the sequence to the final input

e True
e False



Poll 5

The actual objective of decoding is to identify the compressed/unaligned sequence that has the
highest probability given the input

e True
e False

This is the same as finding the compressed sequence with the highest forward probability (alpha) for
aligning the final symbol in the sequence to the final input

e True
e False



Actual decoding objective

* Find the most likely (asynchronous) symbol sequence

S = argmaxag(Sx_1, T — 1)
S

* Unfortunately, explicit computation of this will require
evaluate of an exponential number of symbol
sequences

e Solution: Organize all possible symbol sequences as a
(semi)tree



Hypothesis semi-tree

Highlighted boxes represent
possible symbols for first frame

<Sl
S,

* The semi tree of hypotheses (assuming only 3 symbols in the vocabulary)

* Every symbol connects to every symbol other than itself
— It also connects to a blank, which connects to every symbol including itself

 The simple structure repeats recursively
* Each node represents a unique (partial) symbol sequence!



Hypothesis semi-tree

Highlighted boxes represent
possible symbols for first frame

<S1
52

* The semi tree of hypotheses (assuming only 3 symbols in the vocabulary)

* Every symbol connects to every symbol other than itself
— It also connects to a blank, which connects to every symbol including itself

 The simple structure repeats recursively
* Each node represents a unique (partial) symbol sequence! a4



Hypothesis semi-tree

Highlighted boxes represent
possible symbols for first frame

-
<Sl/ =)

* The semi tree of hypotheses (assuming only 3 symbols in the vocabulary)

* Every symbol connects to every symbol other than itself
— It also connects to a blank, which connects to every symbol including itself

 The simple structure repeats recursively
* Each node represents a unique (partial) symbol sequence! 145



Hypothesis semi-tree

Highlighted boxes represent
possible symbols for first frame

_/; SZ
<S1
S,

* The semi tree of hypotheses (assuming only 3 symbols in the vocabulary)

* Every symbol connects to every symbol other than itself
— It also connects to a blank, which connects to every symbol including itself

 The simple structure repeats recursively
* Each node represents a unique (partial) symbol sequence! 146



Hypothesis semi-tree

Highlighted boxes represent

possible symbols for first frame )
_ S,
51
<,
_ o[s,
52

* The semi tree of hypotheses (assuming only 3 symbols in the vocabulary)

* Every symbol connects to every symbol other than itself
— It also connects to a blank, which connects to every symbol including itself

 The simple structure repeats recursively
* Each node represents a unique (partial) symbol sequence! 147



Hypothesis semi-tree

Highlighted boxes represent
possible symbols for first frame 5
1

<Sl
S,

)

1

* The semi tree of hypotheses (assuming only 3 symbols in the vocabulary)

* Every symbol connects to every symbol other than itself
— It also connects to a blank, which connects to every symbol including itself

 The simple structure repeats recursively
* Each node represents a unique (partial) symbol sequence! 148



The decoding graph for the tree

IR IR

. // : :

f //

g L 7 7 7
3 %
X X, X, X3 Xy

* Graph with more than 2 symbols will be similar
but much more cluttered and complicated

149



AR/ e
A :

"
XQ X1 XZ X?, X4

* The figure to the left is the tree, drawn in a vertical line

 The graph is just the tree unrolled over time

— For a vocabulary of V symbols, every node connects out to V other
nodes at the next time

 Everynode in the graph represents a unique symbol sequence
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The decodmg graph for the tree

// / i i a(S,—)

, ; a(5152)
// // a(5151)
a(S51—)
a(S;)
/ a(S;)
" g a(—)
Xo X, X, Xs X,

* The forward score a(r, T) at the final time represents the full forward

score for a unique symbol sequence (including sequences terminating in
blanks)

* Select the symbol sequence with the largest alpha at the final time
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Recall:

Forward Algorithm

y7 Y3 y3 yy ye Ve y? Ve
yr Yz 1 Vi vE Ye y7 Vs
y7 V3 y3 yr ye e y? Y8
v vy s Vi s Yo y7 Ve
yy y3 3 yr ye é‘ ye N y? 4
v v i~k v R ve RLY7 | e
yr Y3 y3 Vi Ys KRvl Ye Rvly7 Y8
i i yi yi yE yé i Y
y? ¥ y y? ¥ ¥ % Vs

v

e P(Sy,...,Sk_1|1X) = a(T —1,2K) + a(T — 1,2K + 1)
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The decoding graph for the tree

<4

/ ‘,’/ If ) If

.I / .I ll. ;L .I l,.
,: /' ll I'/' /' II l' a(stz)
'/ —7 e a(5251)
// / i i a(S,—)

, ; a(5152)
// // a(5151)
a(S1—)
a(S2)
- / a(S;)
" g a(—)
Xo X, X, Xs X,

* The forward score a(r, T) at the final time represents the full forward
score for a unique symbol sequence (including sequences terminating in

blanks)
e Select the symbol sequence with the largest alpha

— Sequences may two alphas, one for the sequence itself, one for the sequence
followed by a blank

— Add the alphas before selecting the most likely 153



CTC decoding

/ t; # 1y #
/ !/ / Ty 1
/ "I /7 L’/ ‘f
N /'. F >t I
] / l/l ’y
7 Iz {7 | /7
/ g
/)
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/)
LI ! a4

===

X() Xl Xz X3 X4-

This is the “theoretically correct” CTC decoder
In practice, the graph gets exponentially large very quickly

To prevent this pruning strategies are employed to keep the graph (and
computation) manageable

— This may cause suboptimal decodes, however

— The fact that CTC scores peak at symbol terminations minimizes the damage
due to pruning 154



CTC decoding

/ t; # 1, f
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* Thisis the “theoretically correct” CTC decoder
* |n practice, the graph gets exponentially large very quickly

To prevent this pruning strategies are employed to keep the graph (and
computation) manageable

— This may cause suboptimal decodes, however

— The fact that CTC scores peak at symbol terminations minimizes the damage

due to pruning 155



CTC decoding
L

/ ; :,'/;," 1','
/4 A A A
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* Thisis the “theoretically correct” CTC decoder
* |n practice, the graph gets exponentially large very quickly

* To prevent this pruning strategies are employed to keep the graph (and
computation) manageable

— This may cause suboptimal decodes, however

— The fact that CTC scores peak at symbol terminations minimizes the damage
due to pruning 156



CTC decoding

1 <4
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This is the “theoretically correct” CTC decoder

In practice, the graph gets exponentially large very quickly

To prevent this pruning strategies are employed to keep the graph (and
computation) manageable

— This may cause suboptimal decodes, however

— The fact that CTC scores peak at symbol terminations minimizes the damage
due to pruning 157



CTC decoding

/

a(S251)

// / a(S5152)

X) a(5151)
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* Thisis the “theoretically correct” CTC decoder

* In practice, the graph gets exponentially large very quickly
* To prevent this pruning strategies are employed to keep the graph (and
computation) manageable
— This may cause suboptimal decodes, however

— The fact that CTC scores peak at symbol terminations minimizes the damage
due to pruning 158



Beamsearch Pseudocode Notes

Retaining separate lists of paths and pathscores for paths
terminating in blanks, and those terminating in valid symbols

— Since blanks are special
— Do not explicitly represent blanks in the partial decode strings

Pseudocode takes liberties (particularly w.r.t null strings)
— l.e. you must be careful if you convert this to code

Key
— PathScore : array of scores for paths ending with symbols
— BlankPathScore : array of scores for paths ending with blanks
— SymbolSet : Alist of symbols not including the blank



Story so far: CTC models

Sequence-to-sequence networks which irregularly produce output
symbols can be trained by

— lteratively aligning the target output to the input and time-synchronous
training

— Optimizing the expected error over all possible alignments: CTC training

Distinct repetition of symbols can be disambiguated from repetitions

representing the extended output of a single symbol by the introduction
of blanks

Decoding the models can be performed by
— Best-path decoding, i.e. greedy decoding

— Optimal CTC decoding based on the application of the forward algorithm to a
tree-structured representation of all possible output strings



CTC caveats

* The “blank” structure (with concurrent modifications to the
forward-backward equations) is only one way to deal with
the problem of repeating symbols

* Possible variants:

— Symbols partitioned into two or more sequential subunits
* No blanks are required, since subunits must be visited in order

— Symbol-specific blanks
* Doubles the “vocabulary”

— CTC can use bidirectional recurrent nets
* And frequently does

— Other variants possible..



Most common CTC applications

* Speech recognition
— Speech in, phoneme sequence out
— Speech in, character sequence (spelling out)

 Handwriting recognition



Speech recognition using Recurrent

Nets
Py
. > > > > —
X(t)
t=0
Time

* Recurrent neural networks (with LSTMSs) can be
used to perform speech recognition
— Input: Sequences of audio feature vectors
— Output: Phonetic label of each vector
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Speech recognition using Recurrent

Nets
Wi W,
. > > > > _—
X(t)
t=0
Time

* Alternative: Directly output phoneme,

character or word sequence
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Next up: Attention models
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